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ABSTRACT

The work detailed in this dissertation is on the head/eye control problem, which

has been of interest to scientists since the 19th century. Some of the earlier work on

this subject were done by prominent scientists such as F. Donders, J. Listing and H.

von Helmholtz. In the recent decades, scientists such as D. Robinson, M. Ceylan, D.

Tweed, J. Crawford, B. Glenn and T. Vilies, have done notable work on head/eye

movement. This work is an extention of the work done by A. D. Polpitiya, W. P.

Dayawansa, C. F. Martin and B. K. Ghosh.

In this research we use a classical mechanics approach to study the head/eye move-

ment problem. The head and the eye are modeled as spheres pivoted at the centers

and their dynamics are studied under the constraints proposed by Donders and List-

ing.

The eye movement, the head movement and the head/eye coordination problem are

studied under two different control strategies; namely potential control and optimal

control. The results are then compared with measured head/eye movement data from

human subjects.
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CHAPTER 1

INTRODUCTION

The interest in the head/eye movement dates back to 1845 when prominent scien-

tists such as Listing [35], Donders [16], and Helmholtz [59] conducted notable studies.

They have observed that normally the head and the eyes do not have three degrees

of rotational freedom, but move in constrained rotational spaces such that the gaze

direction specifies the orientation of the head/eye. This phenomenon is referred to

as the Donders’ Law and for the case of the eye, it is referred to as Listing’s Law. It

can be noted that within boundaries, the head and the eyes can mechanically rotate

with three degrees of freedom and in the case of the head, the person can voluntar-

ily move the head with three degrees of freedom. Normally, however, the head-neck

system and the oculomotor system chose to give up one degree of freedom and obey

a Donders’ law.

In the following chapters we study the eye movement, the head movement and

the head/eye coordination under two different control strategies; namely potential

control and optimal control. In the potential control, we use an imaginary potential

engergy term and a friction term to generate the control torques required to drive the

head/eye. The optimal control uses calculus of variation to derive the control torques

while minimizing a suitable cost function.

The trajectories generated by the two control methods are then compared with

measured head/eye movement data from human subjects. This enables us to measure

how close the two control strategies are to the actual behavior of human head/eye

controls.

In Chapter 2 we study eye movement and head movement dynamics with and

without constraints described by Listing’s and Donders’ laws. We analyze a specific

class of Donders’ laws and provide a Donders’ Theorem which explains the relation

between the heading direction and the possible orientations of the head. Equations of

motion are derived for rotational dynamics in unconstrainted rotation space (SO(3)),

and for rotational dynamics that satisfy Listing’s law and Donders’ law. The dynamics

of the eye and the head are analyzed with and without external torques. Rotations

without external torques generate the geodesic curves. We introduce a potential

1



Texas Tech University, Indika B. Wijayasinghe, August 2013

control in which, the external torques are generated by a suitable imaginary potential

function and a friction term. Simulation are done to generate the geodesic curves

and trajectories between two desired orientations using the potential control. A half

angle rule that provides a relation between the angular velocities the Donders’ law is

also stated.

Chapter 3 is exclusively on head movements that satisfy a specific class of Don-

ders’ laws that can be expressed by a quadratic relation. Fick gimbal, a two gimbal

system that is a special case of the quadratic Donders’ laws, is also studied. A new

parameterization (Tait-Bryan angles) is used for the rotation space. A new form of a

potential function and a friction term that are independent of the parameterization

are introduced in this chapter. This enables the utilization of different paraterizations

to generate identical rotations. In this chapter we use the potential control and also

an optimal control that minimized a suitable cost function, in order to generate tra-

jectories between two orientations extracted from measured human head movement

data. The simulated trajectories are then compared with the actual trajectory as

extracted from the data. The comparisons are extended to the calculated torques

and the cost.

The problem of head/eye coordination in order to capture and retain a stabilized

image is studied in Chatper 4. This is aimed at replicating the vestibulo-ocular reflex

in which the eye compensates for the slower head movement. Head/eye coordination

is studied under potential control and optimal control. Simulated trajectories are gen-

erated using the two control strategies and the target and the final head orientations

are extracted from the measured head/eye data. Comparisons are made between the

simulated trajectories and the measured data. Comparisons are also made in terms

of the calculated torques and the cost.

2
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CHAPTER 2

DYNAMICS OF HUMAN HEAD AND EYE ROTATIONS UNDER DONDERS’

CONSTRAINT

Abstract: Rotation of human head and the eye are modeled as a perfect sphere

with the rotation actuated by external torques. For the head movement, the axis of

rotation is constrained by a law proposed in the 19th century by Donders. For the

saccadic eye movement, Donders’ Law is restricted to a law that goes by the name of

Listing’s Law. In this paper, head movement and saccadic eye movement are mod-

eled using principles from Classical Mechanics and the associated Euler Lagrange’s

equations (EL) are analyzed. Geodesic curves are obtained in the space of allowed

orientations for the Head and the Eye and projections of these curves on the space S2

of pointing directions of the eye/head are shown. A potential function and a damping

term has been added to the Geodesic dynamics from EL and the resulting head and

eye trajectories settle down smoothly towards the unique point of minimum poten-

tial. The minimum point can be altered to regulate the end point of the trajectories

(potential control). Throughout the paper, the restricted dynamics of the eye and

the head movement have been compared with the unrestricted rotational dynamics

on SO(3) and the corresponding EL equations have been analyzed. A version of the

Donders’ Theorem, on the possible head orientations for a specific head direction,

has been stated and proved in appendix 1. In the case of eye movement, Donders’

Theorem restricts to the well known Listing’s Theorem. In appendix 2, a constraint

on the angular velocity and the angular acceleration vectors is derived for the head

movement satisfying Donders’ constraint. A statement of this constraint that goes

by the name ‘half angle rule,’ has been derived.







cos2 φ
2

− sin2 φ
2

(1 − 2 cos2 α cos2 θ) sin2 φ
2

cos2 α sin(2θ) − sinφ sinα sin2 φ
2

sin(2α) cos θ + sinφ cosα sin θ

sin2 φ
2

cos2 α sin(2θ) + sinφ sinα cos2 φ
2

− sin2 φ
2

(1 − 2 cos2 α sin2 θ) sin2 φ
2

sin(2α) sin θ − sinφ cosα cos θ

sin2 φ
2

sin(2α) cos θ − sinφ cosα sin θ sin2 φ
2

sin(2α) sin θ + sinφ cosα cos θ cos2 φ
2

− sin2 φ
2

cos(2 α)







(2.1)
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2.1 Introduction

Modeling the dynamics of the eye and the head have been the research goals among

neurologists, physiologists and engineers since 1845. Notable studies were conducted

by Listing [35], Donders [16] and Helmholtz [59] and they claimed that the orientations

of the eye and the head are completely determined as a function of the gaze and the

heading directions, respectively. With the exception of occasional deviation, the

eye follows what is known as the Listing’s Law and likewise the head follows a

generalization of the Listing’s Law that goes by the name Donders’ Law.

Eye movement and subsequently the head movement problem had found a re-

newed interest towards the later part of the 20th century [36], [45], [46] and [53].

Initially, the implementation of Listing’s Law had been the primary focus of inter-

est [56], [57], [30], [31], [55], [29]. In spite of several notable modeling studies on

Three Dimensional Eye and Head Movements (see [5], [24] and [14] for a detailed

review), there has not been a rigorous treatment of the Three Dimensional Head

Movement Problem, in the framework of mechanical control system and classical me-

chanics [1], [9], [40]. In this paper, we continue to extend the approach of ‘Geometric

Mechanics’ presented in [43] to the dynamics of the head movement problems. Our

motivation to study this problem is twofold. From the point of view of Biomechanics,

we would like to understand how eye and head are controlled and coordinated while

following the underlying Listing’s and Donders’ Laws. Our eventual goal is to focus

on the combination of cost functions that are minimized while controlling gaze. Our

second motivation is to control robotic head/eye (see Cannata [11]) that would follow

these underlying principals. Understanding the principals of head/eye coordination

would eventually help us build robotic head/eye that are human-like.

Most of the earlier studies in eye movement have assumed that the head remained

fixed and the eye is allowed to move freely. It has been observed by Listing (see [57]),

that in this situation the orientation of the eye is completely determined by its gaze

direction. Under Listing’s constraint, starting from a frontal gaze, any other gaze

direction is obtained by a rotation matrix whose axis of rotation is constrained to lie

on a plane, called the Listing’s Plane. Consequently, the set of all orientations the eye

can assume is a submanifold of SO(3) (see Boothby [6] for a definition) called LIST.

Listing has shown that in a head fixed environment, eye orientations are restricted to
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this specific submanifold LIST (see [43], [23]).

We study the dynamics, as the head moves spontaneously towards an object fol-

lowing a Listing like constraint that goes by the name Donders’ constraint [36], [45]

and [53]. Donders’ law states that starting from a frontal head position, any other

head orientation is obtained by a rotation matrix whose axis of rotation is constrained

to lie on a two dimensional surface, called the Donders’ Surface [53]. Consequently,

the set of all orientations the head can assume spontaneously is a submanifold of

SO(3) called DOND. Intuitively, Donders’ surface is obtained by mildly perturbing

the Listing’s Plane along the torsional direction.

In a head free environment, the ‘axis of eye rotation’ often jumps out of the Listing’s

plane during a saccade. We consider the ‘head free’ case by introducing dynamics of

eye-movement on the unconstrained orientation space SO(3). Even in this case, the

orientation of the eye satisfies Listing’s law, at the beginning and at the end point of

a saccade.

The organization of this paper is as follows. In section 2.2 we introduce unit quater-

nions and motivate the operation of rotation using multiplication by unit quater-

nions (see [2], [34]). In section 2.3 Donders’ constraint is parameterized (following

Tweed [55]) and we observe that Listing’s constraint can be recovered as a special

case of this parametrization. The spaces LIST and DOND are defined as a sub-

manifold of SO(3). We state and prove Listing’s Theorem which asserts that for

all but one specific gaze direction (viz. the backward gaze direction), orientation of

the eye is completely specified by the gaze direction. In section 2.4 we introduce a

Riemannian Metric for the associated spaces LIST, DOND and SO(3) and write

down the associated geodesic equations. In section 2.5, we define a Lagrangian us-

ing the Riemannian Metric in section 2.4 and a suitable Potential Energy term, and

write down the corresponding Euler Lagrange Equations (EL). We also add an ex-

ternal ‘generalized torque’ as inputs to the EL equations and this way we obtain a

controlled dynamical system. In section 2.6, we illustrate the obtained geodesic equa-

tions and the controlled dynamical system equations by a set of simulations. In these

simulations, the control is either set to zero (see Fig. 2.4) or chosen to simulate an

appropriate damping (see Figs. 2.5 and 2.6). The control system is regulated by an

appropriate choice of a Potential Energy term. Finally section 2.7 concludes the pa-
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per. In Appendix I, we state and prove the Donders’ Theorem for head movement

which generalizes Listing’s Theorem (see section 2.3) for eye movement. In Appendix

II, we state and prove the half angle rule under Donders’ constraint which generalizes

the half angle rule for Listing’s constraint. The half angle rule describes constraints

on the angular velocity vectors and angular acceleration vectors, when the motion

dynamics satisfy Listing’s and Donders’ laws.

2.2 Quaternionic Representations

Representation of ‘eye orientations’ using the quaternions has already been de-

scribed in [43]. Likewise, the head orientations can also be described using quater-

nions. In order to set up the notation, we revisit some of the main ideas in this

section. A quaternion is a four tuple of real numbers denoted by Q. The space of

unit quaternion is identified with the unit sphere in IR4 and denoted by S3. Each

q ∈ S3 can be written as

q = cos
φ

2
1 + sin

φ

2
n1 i + sin

φ

2
n2 j + sin

φ

2
n3 k, (2.2)

where φ ∈ [0, 2π], and n = (n1, n2, n3) is a unit vector in IR3. If q is an unit quater-

nion represented as in (2.2), using simple properties of quaternion multiplication, one

can show the following ( [2], [34]):

“The vector vec[q • (v1 i + v2 j + v3 k) • q−1] is rotation of the vector

(v1, v2, v3) around the axis n by a counterclockwise angle φ.” The operator

vec[q] is defined to be the vector part of q and corresponds to the coefficients associ-

ated with i, j and k in (2.2).

To every unit quaternion in S3, there corresponds a rotation matrix in SO(3) (already

introduced in [43]) and the correspondence is described by the map

rot : S3 → SO(3). (2.3)

Note that the map ‘rot’ in (2.3) is surjective but not 1 − 1. This is because both q

and −q in S3 has the same image. We now write down a parametrization of the unit

6
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vector ‘n’ in (2.2) as

n = (cos θ cosα sin θ cosα sinα) . (2.4)

Combining (2.2) and (2.4), we have the following parametrization of unit quaternions

q =

(

cos
φ

2
sin

φ

2
cos θ cosα sin

φ

2
sin θ cosα sin

φ

2
sinα

)

. (2.5)

Using the coordinates (θ, φ, α) we have the following sequence of maps

[0, π] × [0, 2π] × [−
π

2
,
π

2
]

ρ
−→ S3 rot

−→ SO(3)
proj
−→ S2, (2.6)

where ρ((θ, φ, α)) = q (in (2.5)), rot(q) = W and

proj(W ) =







sin θ sinφ cosα + cos θ sin2 φ
2 sin 2α

− cos θ sinφ cosα + sin θ sin2 φ
2 sin 2α

cos2 φ
2 − sin2 φ

2 cos 2α






. (2.7)

The matrix W in SO(3) can be easily written from [43], and has been described in

(2.1). The points in S2 described by (2.7) provide a parameterization of the head

(gaze) directions as a function of the coordinate angles θ, φ, α with respect to an

initial head (gaze) direction of (0, 0, 1)T , i.e. obtained by rotating the vector (0, 0, 1)T

using the rotation matrix W .

2.3 Orientations Satisfying Donders’ Constraint

Donders’ law asserts that the axis of rotation ‘n’ in (2.4) is restricted to a surface.

We shall describe this surface by restricting

α = ǫ sin(2θ) (2.8)

and obtain the axis of rotation as

n = (cos θ cos(ǫ sin(2θ)), sin θ cos(ǫ sin(2θ)), sin(ǫ sin(2θ)))T . (2.9)

7
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The parameter ǫ is assumed to be a small positive or negative constant. The choice of

(2.8) as a description of the Donders’ surface is dictated by the following observation

made in [55] about head movement.

“When the axis of rotation is horizontal or vertical (i.e. when θ is a multiple of
π
2
), head moves without any torsion. At other angles of rotation, there is a gradual

increase in torsion”.

Note that the axis of rotation vector n lies on a surface given by

2ǫ x y = sin−1 z (1− z2), (2.10)

where (x, y, z) are the three coordinates of the axis of rotation given by x =

cos θ cosα, y = sin θ cosα, z = sinα. The coordinate z is constrained by

|z| ≤ | sin ǫ|.

The Donders’ law (2.8) constrains the rotation matrices W parameterized in (2.1).

We define DOND to be the associated submanifold of S3 and SOD(3) to be the

associated submanifold of SO(3). They are both two dimensional submanifolds pa-

rameterizing all possible rotations in S3 and SO(3) respectively that satisfy Donders’

constraint (2.8). The heading direction (0, 0, 1)T is transformed to the direction







sin θ sinφ cos(ǫ sin(2θ)) + cos θ sin2 φ
2 sin(2ǫ sin(2θ))

− cos θ sinφ cos(ǫ sin(2θ)) + sin θ sin2 φ
2 sin(2ǫ sin(2θ))

cos2 φ
2 − sin2 φ

2 cos(2ǫ sin(2θ))






,

by the rotation matrix (2.1). Thus we obtain from (2.6) the following sequence of

maps

[0, 2π] × [0, 2π]
ρ

−→ DOND
rot
−→ SOD(3)

proj
−→ S2, (2.11)

where α has been restricted by the Donders’ constraint (2.8). Note that the variable

θ in (2.11) is restricted to the interval [0, 2π], whereas in (2.6) it is restricted to [0, π].

This is because the images of (θ, φ, α) and (θ+π,−φ,−α) are the same under the map

ρ in (2.6). Hence the domain of θ is chosen to be [0, π] in (2.6). The points (θ, φ, α)

and (θ+π,−φ,−α) cannot both satisfy the Donders’ constraint unless ǫ = 0. Hence

8
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in (2.11) the domain has to be enlarged.

Listing’s constraint is recovered from Donders’ constraint by restricting ǫ to zero.

Listing’s law asserts that the axis of rotation ‘n’ defined in (2.4), is restricted to a

plane, called the Listing’s Plane. We shall describe this plane by restricting α = 0

and obtain n = (cos θ, sin θ, 0)T , q = (cos φ

2
, sin φ

2
cos θ, sin φ

2
sin θ, 0)T and the

matrix W can be obtained from (2.1). Analogous to the Donders’ constraint, under

the Listing’s constraint, we define LIST to be the associated submanifold of S3 and

SOL(3) to be the associated submanifold of SO(3). We have the following sequence

of maps

[0, π] × [0, 2π]
ρ

−→ LIST
rot
−→ SOL(3)

proj
−→ S2 (2.12)

and the following theorem due to Listing.

Theorem 1 (Listing): Under the Listing’s constraint, the map

SOL(3) −

















cos 2θ sin 2θ 0

sin 2θ − cos 2θ 0

0 0 −1

















proj
−→ S2 −

















0

0

−1

















described by (2.6) and (2.12) is one to one and onto.

Remark: Listing’s Theorem 1 asserts that for all but perhaps one gaze direction

given by (0, 0, −1)T , which is opposite to the primary gaze direction (0, 0, 1)T ,

every other gaze direction completely specifies the rotation matrix.

Proof of Listing’s Theorem 1: Note that when φ 6= 0 and φ 6= π, it follows

that if θ = θ0, φ = φ0 satisfies a suitable gaze direction, then θ = θ0 + π, φ = 2π−φ0

would also satisfy the same gaze direction. In the domain θ ∈ [0, π] and φ ∈ [0, 2π]

these are the only two choices for a specific gaze vector. It would follow that when

φ 6= 0, φ 6= π, θ 6= 0 and θ 6= π then the pair of angles θ, φ in the domain that

satisfies a suitable gaze direction is unique. Hence these gaze directions correspond

to an unique rotation matrix. It can be checked by direct calculations that for the

pair (θ = 0, φ = φ0) and (θ = π, φ = −φ0) the corresponding rotation matrix and the

gaze vector are identical. Finally for φ = 0 or φ = 2π, and θ is arbitrary, the rotation

9
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matrix is the identity matrix and the gaze direction is the primary gaze direction

(0, 0, 1)T . It would follow that the only gaze direction for which the rotation matrix

is not unique is when φ = π. This would correspond to the gaze direction (0, 0,−1)T ,

which has been excluded.

(Q.E.D)

Remark: In appendix I, we state and prove a generalization of the Listing’s Theorem

1, for the head movement problem. We call this theorem the Donders’ Theorem. The

upshot of the theorem is that the number of orientations of the head for a specific

pointing direction is ‘not unique’ when the head follows the Donders’ Law. For most

practical pointing directions of the head, which includes the frontal hemisphere, the

number of allowed orientations is two (counting multiplicity). For a simply connected,

closed and bounded set S of head directions around the ‘backward direction’ the

number of orientations is four (counting multiplicity). When the parameter ǫ, in (2.8)

approaches zero, the set S degenerates to a point, viz. the backward head direction

and we recover the Listing’s Theorem from Donders’ Theorem. For a specific pointing

direction in the frontal hemisphere, the two ambiguous head orientations merge to an

unique orientation when ǫ approaches zero. The relative sizes of S as a function of ǫ

has been illustrated in Fig. 2.9.

2.4 Riemannian Metric on SO(3), DOND and LIST

It has been described in [43] that eye rotations are typically confined to a sub

manifold LIST of SO(3) especially when the head is restrained to be fixed. Likewise,

spontaneous head movements are typically confined to a sub manifold DOND of

SO(3). In order to write down the equations of motion, one needs to know the

kinetic and the potential energies of the head in motion. The kinetic energy is given

by the induced Riemannian metric on DOND, induced from the Riemannian metric

on SO(3).

The Riemannian metric (see [60]) is derived by assuming that the head is a perfect

sphere and its inertia tensor is equal to the identity matrix I3×3. This is associated

with a left invariant Riemannian metric on SO(3), already described in [43]. An

10
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easy way to carry out computation using this Riemannian metric is provided by

the isometric submersion rot described in (2.3) and (2.6). In order to compute the

Riemannian Metric on SO(3), we write

ρ∗

(

∂

∂θ

)

=













0

− sin (φ/2) sin (θ) cos (α)

sin (φ/2) cos (θ) cos (α)

0













, ρ∗

(

∂

∂α

)

=













0

− sin (φ/2) cos (θ) sin (α)

− sin (φ/2) sin (θ) sin (α)

sin (φ/2) cos (α)













ρ∗

(

∂

∂φ

)

=













−1
2 sin (φ/2)

1
2 cos (φ/2) cos (θ) cos (α)
1
2 cos (φ/2) sin (θ) cos (α)

1
2 cos (φ/2) sin (α)













.

Then we obtain the inner products given by,

g11 = 〈
∂

∂θ
,
∂

∂θ
〉 = sin2 (φ/2) cos2 (α)

g22 = 〈
∂

∂α
,
∂

∂α
〉 = sin2 (φ/2)

g33 = 〈
∂

∂φ
,
∂

∂φ
〉 =

1

4
and gij = 0 for i 6= j with i, j = 1, 2, 3.

The Riemannian metric on SO(3) is given by:

g = sin2 (φ/2) cos2 (α) dθ2 + sin2 (φ/2) dα2 +
1

4
dφ2. (2.13)

Note that restricted to the Donders’ surface, i.e. when (2.8) is satisfied, the Rieman-

nian metric on DOND is given by

g = sin2 (φ/2)

[

cos2 α +

(

∂α

∂θ

)2
]

dθ2 +
1

4
dφ2. (2.14)

Using the Riemannian metric (2.13) for SO(3), the associated geodesic equation is

11
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given by

θ̈ + θ̇φ̇ cot (φ/2)− 2θ̇α̇ tan (α) = 0

φ̈−
(

θ̇
)2

sin (φ) cos2 (α)− (α̇)2 sin (φ) = 0

α̈ +
1

2

(

θ̇
)2

sin (2α) + φ̇α̇ cot (φ/2) = 0. (2.15)

Likewise, using the Riemannian metric (2.14) for DOND, the associated geodesic

equation is given by

d

dt

[

sin2 φ

2

(

cos2 α +

(

∂α

∂θ

)2
)

θ̇

]

− sin2 φ

2
θ̇2

∂α

∂θ

[

∂2α

∂θ2
−

1

2
sin(2α)

]

= 0

φ̈ −

[

cos2 α +

(

∂α

∂θ

)2
]

θ̇2 sinφ = 0. (2.16)

Restricted to the Listing’s plane, i.e. when α = 0, the Riemannian metric on LIST

is given by

g = sin2 (φ/2) dθ2 +
1

4
dφ2 (2.17)

and (2.15) reduces to the following pair of equations, already described in [43], given

by

θ̈ + θ̇φ̇ cot (φ/2) = 0, φ̈−
(

θ̇
)2

sin (φ) = 0. (2.18)

We now state the following theorem, which demonstrates the geometric structure of

the geodesic.

Theorem 2 (Geodesic curves on SO(3) and SOL(3)): The geodesic curves on

SO(3), given by the integral curves of (2.15), projected on S2 via the mapping ‘proj’

described in (2.6) are circles. Furthermore, the geodesic curves on SOL(3), given

by the integral curves of (2.18), projected on S2 via the mapping ‘proj’ described in

(2.12) are circles which always pass through a fixed vector (0, 0,−1)T .

12
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Proof of the Geodesic Theorem 2: If we define a new angle variable

ξ =
φ

2
,

the parametrization of S3 described in (2.5) would be given by

q =
(

cos ξ, sin ξ cos θ cosα, sin ξ sin θ cosα, sin ξ sinα
)

. (2.19)

Using the angle variables (ξ, θ, α), it is easy to see using the Riemannian metric (2.13)

on S3, that the geodesics are great circles on S3. What we need to show is that, under

the composition map ‘proj ◦ rot’, described by













δ0

δ1

δ2

δ3













7−→







2(δ1δ3 + δ0δ2)

2(δ2δ3 − δ0δ1)

δ20 + δ23 − δ21 − δ22






,

‘generically the great circles on S3 are projected as circles on S2.’ We omit the details

of the proof but the essential point is that the great circles on S3 project as planar

curves on S2 and hence generically they are circles (unless the circle degenerates

to a point). When the Listing’s constraint is satisfied, we have α = 0. The

parametrization (2.19) would reduce to

q =
(

cos ξ, sin ξ cos θ, sin ξ sin θ, 0
)

.

It would follow that great circles on S3 are in fact great circles on S2, where S2 is

parameterized as
(

cos ξ, sin ξ cos θ, sin ξ sin θ
)

.

Since, every great circle on S2 passes through the point ξ = π
2
, the circle on the gaze

space S2 passes through the point φ = π. The gaze corresponding to the point φ = π

is precisely (0, 0,−1).

(Q.E.D)
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Remark: If we make the convention that the gaze direction vector (0, 0, 1)T is the

frontal gaze direction, it would follow that the vector (0, 0,−1)T is the backward

gaze direction. Listing’s Theorem 1 would then assert that for all gazes other than

the backward gaze, orientation of the eye, restricted to the Listing’s submanifold

of SO(3), is completely specified by the gaze. It may be inferred from the above

geodesic Theorem 2 that the projections of the geodesic curves on the gaze space, S2,

are circles that always pass through the backward gaze direction.

Remark: Geodesic curves on SOD(3) are in general not periodic and does not appear

to have a regular geometric shape. When the initial condition on θ̇ is assumed to be

0, the projection of the integral curves of (2.16) on S2 are circles (shown in Fig. 2.3).

Interestingly, these circles always pass through the frontal pointing direction.

2.5 General Equation of Motion on SO(3) and its Two Submanifolds

The Riemannian Metric that we have obtained in (2.14) enables us to write down

an expression for the kinetic energy KE given by

KE =
1

2
[sin2 (φ/2) [cos2 α + (

∂α

∂θ
)2]θ̇2 +

1

4
φ̇2]. (2.20)

Remark: In writing the expression (2.20) for kinetic energy, we need to assume

that the moment of inertia matrix is an identity matrix, as would be the case if the

eye/head is a perfect sphere and all rotations are about its center.

In general, the dynamics is affected by an additional potential energy and an ex-

ternal input torque. Let us consider a general form of the potential function given

by

V (θ, φ) = A sin2 φ− φ0

2
+ B sin2 θ − θ0

2
, (2.21)

which attains a minimum value at a specific pointing direction (θ0, φ0).

Remark: Human eye and head orientations have a natural domain and they are

not allowed to move outside this domain. In an uncontrolled system, one way to

implement this would be to include a potential term V to the Lagrangian, with the

property that the potential function is large at points that are disallowed. Our choice
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of the term (2.21) is arbitrary, except that it vanishes at (θ0, φ0) and takes large

values when the eye and the head are pointed backwards. An interesting question

that we have not answered in this paper is “Does there exist a potential function that

would match observed human eye and head movements?”

The expression for the Lagrangian is given by L = KE − V, and the equation of

motion is described by

d

dt

(

∂L

∂β̇

)

−

(

∂L

∂β

)

= τβ,

where β is the angle variable. Assuming φ0 = θ0 = 0 in (2.21), the Euler Lagrange’s
equation on DOND is given by

d

dt

[

sin2
φ

2

(

cos2 α+

(

∂α

∂θ

)2
)

θ̇

]

− sin2
φ

2
θ̇2

∂α

∂θ

[

∂2α

∂θ2
−

1

2
sin(2α)

]

= −
1

2
B sin θ + τθ,

φ̈ −

[

cos2 α +

(

∂α

∂θ

)2
]

θ̇2 sinφ = − 2A sinφ + 4 τφ,

where, as in section 2.3, we continue to assume that α satisfies the Donders’ constraint

(2.8). In order to describe (2.22) in a compact notation, we define the following set

of variables:

α(θ) = ǫ sin(2θ), ν(θ) = ǫ cos(2θ),

σ(θ, φ) = sin2 φ

2

[

cos2 α + 4ν2
]

. (2.22)

We also define

Λ(θ) =
ν(8α + sin(2α))

cos2 α + 4ν2
,

and rewrite (2.22) as follows:

θ̈ = −
σ̇

σ
θ̇ − Λ(θ) θ̇2 −

B

2σ
sin θ +

1

σ
τθ

φ̈ = (cos2 α + 4ν2) sinφ θ̇2 − 2A sinφ + 4τφ, (2.23)
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where

σ̇ =
d

dt
[σ(θ, φ)] .

In order to write (2.23) using state variables, we write

z1 = θ, z2 = θ̇, z3 = φ, z4 = φ̇,

and the corresponding state variable equation on DOND is given by

ż1 = z2

ż2 = −
σ̇

σ
z2 − Λ(z1) z

2
2 −

B

2σ
sin(z1) +

1

σ
τθ

ż3 = z4

ż4 = (cos2 α + 4ν2) (sin z3) z
2
2 − 2A sin(z3) + 4τφ, (2.24)

where α(z1), ν(z1) and σ(z1, z3) can be defined from (2.22) and where the details of

σ̇ has been omitted.

Remark: The underlying control system that governs head movement satisfying

Donder’s constraint is given by (2.24). τθ and τφ are generalized torques that are

generated by neck muscle forces acting on the head. For the eye movement problem,

muscle forces generating these torques were modeled in [43]. For the head movement

problem, modeling the muscle generated forces of the neck muscles, is a subject of

future research.

The state variable equation on LIST can be obtained by considering α = 0 and

the Riemannian Metric given by (2.17). Assuming φ0 = θ0 = 0 in (2.21), the Euler

Lagrange’s Equation on LIST is given by

θ̈ + θ̇φ̇ cot (φ/2) +
B

2
csc2(φ/2) sin(θ) = csc2 (φ/2) τθ

φ̈−
(

θ̇
)2

sin (φ) + 2A sin (φ) = 4τφ. (2.25)

The state variable equation on SO(3) can be obtained by considering the Riemannian

Metric given by (2.13). These have not been written down in this paper, since we do

not study control of motion dynamics on SO(3).
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2.6 Simulations on Geodesic and Control Using Potential Function

In this section, our first goal is to show, using simulation, the shape of the geodesic

trajectories on SOL(3), SO(3) and SOD(3). To display the shape, we plot the

projection of the trajectories on S2.

2.6.1 Geodesic Trajectories

Example 1.1 (Geodesic curves for eye movement satisfying Listing): In

this example we solve (2.18) (corresponds to eye rotation that satisfy the Listing’s

constraint). In Fig. 2.1 we have plotted the eye directions as a function of time

starting from one suitably chosen initial condition. In plotting the figure, we have

chosen the convention that the identity rotation matrix corresponds to the frontal

gaze. Our simulation shows that the projection of the geodesic curve on the gaze

space S2 is a circle that always passes through the backward gaze direction.

(a) Front (b) Back

Figure 2.1: Projection of the geodesic curves from (2.18) on LIST plotted on the gaze space S2.

The left figure shows the north pole which is the frontal gaze direction. The right figure shows the

south pole which is the backward gaze direction. The projections are circular passing through the

backward gaze.

Example 1.2 (Geodesic curves for eye movement not satisfying Listing):

In this example we solve (2.15) (corresponds to eye rotation that does not satisfy the
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Listing’s constraint). We show in Fig. 2.2 that the projection of the geodesic curves on

the gaze space are circles that do not necessarily pass through a fixed point. Fig. 2.2a

and Fig. 2.2b are two cases of the simulation assuming different initial conditions for

α̇. Each figure consists of curves with different initial choices of θ and φ.

(a) (b)

Figure 2.2: Projection of the geodesic curves from (2.15) on SO(3) plotted on the gaze space S2.

Both the left and the right figure show the south pole which is the backward gaze direction. As

opposed to what we found in Fig. 2.1, each projection is a circle that do not pass through one fixed

gaze and in particular through the backward gaze.

Remark: We have seen in Theorem 2 of section 2.3, that the geodesics on SOL(3)

and SO(3) are projections of great circles on S3. Their projections on the gaze space

S2 are also circles that are plotted in Figs. 2.1 and 2.2.

Example 1.3 (Geodesic curves for head movement satisfying Donders): In

this example, we solve (2.16) (corresponds to head rotation that satisfy the Don-

ders’ constraint). We assume that the initial condition on θ̇ is 0. In Fig. 2.3, we

have plotted the pointing directions of the head as a function of time, starting from

one suitably chosen initial head position, viz. ‘pointing straight with no tilt.’ The

plot in Fig. 2.3 is shown for three different initial conditions on θ. The trajectories
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obtained in Fig. 2.3 are circles passing through the frontal pointing direction. For

initial conditions on θ equals 0 or π
2
, the axis of rotation is on the Listing’s plane

and the head rotates without any torsion, shown in Figs. 2.3a, 2.3b, 2.3c, 2.3d. For

other initial conditions, viz. θ = π
3
, the axis has torsional component provided by

the Donder’s Law (2.8), shown in Figs. 2.3e, 2.3f. In this simulation, ǫ is chosen as 0.5.

(a) Head trajectory when
θ = 0.

(b) For θ = 0, head moves top to
bottom without any torsion.

(c) Head trajectory when

θ = π
2
.

(d) For θ = π
2

head moves right
to left without any torsion.

(e) Head trajectory when

θ = π
3
.

(f) For θ = π
3

head moves

left/bottom to right/up with tor-
sion.

Figure 2.3: Projection of the geodesic curves (2.16) on DOND plotted on the space S2 of pointing

directions of the head. When the initial condition on θ̇ is zero, the axis of rotation does not change

along the integral curves of (2.16) on DOND. For different initial conditions on θ the pointing

directions of the head rotate in a circle.

Our next goal is to show that by tuning the parameters φ0 and θ0 in (2.21), we can

drive the eye or the head to a suitable end position and orientation. This has been

illustrated in the next three examples.

2.6.2 Eye/Head trajectories with a potential function

The purpose of this subsection is to demonstrate via simulation that by adding

a potential term, one is able to push the trajectories of the eye or head toward the

frontal gaze direction.
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Example 2.1 (Eye motion with a Potential Function but no Damping): In

this example we solve (2.25) on LIST and display the gaze trajectories in Fig. 2.4.

We have assumed τθ = τφ = 0, θ0 = φ0 = 0 and B = 0 in (2.21). Increasing

magnitudes of A has been chosen in Figs. 2.4a, 2.4b, 2.4c, 2.4d. Our simulations

show that with increasing magnitude of the potential function, the gaze trajectories

are restricted to a smaller neighborhood of the frontal gaze. However, the trajectories

are oscillatory.

(a) A = 0.5 (b) A = 1 (c) A = 5 (d) A = 50

Figure 2.4: Gaze motion from (2.25) for increasing values of the parameter A, with the external

control set to zero, i.e. τθ = τφ = 0, and the motion is purely due to the potential function (2.21),

which has a minimum at the frontal gaze.

We now proceed to add a damping term to the motion equations.

Example 2.2 (Eye regulation toward frontal gaze direction using a Potential

Function and Damping): We repeat Example 2.1 but choose τθ = −.1 θ̇ and

τφ = −.1 φ̇ in (2.25), in order to dampen the fluctuations in the trajectories. The

results are plotted in Fig. 2.5. We observe that the state settles down to the point of

minimum potential, the frontal gaze.

Remark: Eye and Head movements are damped in real system, through the ac-

tuating muscles. While modeling muscles, such as in [32] (see also [63]), a passive

damping term is added to the model, which in turn damps the movement. In this

paper we have not modeled damping of the real system, but introduced a damping

term to study the effect of damping on the trajectories.
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(a) A = 5 (b) A = 50

Figure 2.5: Gaze motion under the influence of a potential function and a constant damping term

using (2.25) with τθ = −k θ̇ and τφ = −k φ̇. The value of k is chosen to be 0.1.

Example 2.3 (Head regulation toward an arbitrary heading direction with

two distinct orientations): In this example we have two head trajectories going

to the same pointing direction but with two distinct orientations while satisfying the

Donders’ constraint. Possibility of two orientations for a given pointing direction is

prescribed by the Donders’ Theorem 3 in Appendix I. We have used the potential

function (2.21) with A = B = 1 and τθ = −1 θ̇ and τφ = −1 φ̇. The parameters

θ0 = 5.5528, φ0 = −0.8026 is chosen for the top trajectory in Fig. 2.6a and θ0 =

2.3012, φ0 = 0.8026 is chosen for the bottom trajectory in Fig. 2.6a. The value of ǫ

for the Donders’ constraint is chosen as −0.1309. Fig. 2.6a show the head direction

trajectories for the two paths. Fig. 2.6b shows the actual head orientations at initial,

final and some intermediate points.

2.6.3 Effect of Donders’ torsional component on Head Movement

Example 3 (How does the parameter ǫ affect TIME and DISTANCE?):

In Fig. 2.7, we have sketched the head movements between two specific directions,

that are kept fixed for this example. In Fig. 2.7a, head movements are shown for
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(a) Two trajectories of head move-
ment from A to B

(b) Head orientations are shown for two trajectories. The
top sequence is for the bottom trajectory in Fig. 2.6a. The
bottom sequence is for the top trajectory in Fig. 2.6a.

Figure 2.6: Trajectories of the pointing directions with same initial head orientation and final

head pointing direction. However, the final head orientations for the two trajectories are different.

different values of ǫ in the Donders’ constraint (2.8). The values of A, B in (2.21)

are chosen to be 1. We choose τθ = −1 θ̇ and τφ = −1 φ̇. Although the

paths appear to follow similar profile, in Fig. 2.7b, we show that the total distance,

computed using the Riemannian metric (2.14), increases with increasing values of

ǫ. This is understandable since there is an extra head rotation for the same head

direction. We also make a surprising observation in Fig. 2.7b that the time to complete

the trajectories fall, as a function of ǫ, indicating that perhaps with higher levels of

torsion, provided by increasing ǫ, the head is able to move rapidly a larger distance

in a shorter time.

2.7 Conclusion

In this paper we study the problem of modeling the rotation of human head, when

the head shifts its orientation between two pointing directions, as a simple mechanical

system. The human eye is a special case of this class of problem. Head movements

obey Donders’ constraint (a generalization of the Listing’s constraint for eye move-

ment), which states that the allowed orientations of the head are obtained by rotating

a fixed ‘primary heading direction’ by a subclass of rotation matrices. These rotation

matrices have their axes of rotation restricted to a fixed surface, called the Donders’

surface. Defining a suitable Riemannian metric, we obtain dynamic model of head
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(a) Trajectories of the head di-
rection as ǫ varies from 0 to 1.
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(b) (Left) Distance as a function of ǫ.
(Right) Time as a function of ǫ

Figure 2.7: For increasing values of ǫ, the head moves a longer distance in a shorter time.

movement when the head orientations satisfy the Donders’ constraint throughout its

entire trajectory. Head movements are actuated by choosing a suitable potential func-

tion and the oscillations are damped by adding a suitable damping term. A similar

study for the eye movement is reported in this paper assuming that the eye moves

while Listing’s constraint is always satisfied. For the head movement, an important

result of this paper is to show the effect of the torsional component ǫ as head is

allowed to move between two ‘pointing directions’.

Among somewhat more theoretical results, we generalize the well known Listing’s

Theorem 1 which states that for all gaze directions, ‘other than one specific backward

gaze’, the orientation of the eye is a fixed function of gaze. For the head movement

problem, a corresponding Donders’ Theorem has been stated and proved in appendix

I. The Donders’ theorem states that for all pointing directions of the head ‘other

than a closed and bounded region S’ that contains the backward head direction,

the orientation of the head for a specific ‘head direction’ is ambiguous up to two

alternative orientations (shown in Appendix I). Additionally – “within the closed

and bounded region S, the orientations of the head for a specific gaze direction is

not unique but can have up to four distinct choices.” A sketch of the set S for

different values of ǫ has been shown in Fig. 2.9. Finally, in Appendix II, we obtain

a suitable generalization of the half angle rule for head movement satisfying the

Donders’ constraint.
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Research presented in this paper can be extended along the following three areas.

Alternative forms of the potential function (22), chosen somewhat arbitrarily in this

paper, can be explored to match recorded data from eye/head movement trajectories.

Using τθ and τφ as the control variables for the dynamical system (25) describing

head movements, one can solve minimum energy and minimum time optimal control

problems. Finally, the same dynamical system (25) can also be used to study tracking

problems, especially to track trajectories of recorded eye and head movement data.

2.8 Appendix I: Donders’ Theorem

The question we ask in this appendix is the following:

Given a specific head direction, how many orientations of the head are

allowed while satisfying the Donders’ constraint? Equivalently, For the map

(2.11), how many pre-images does ‘proj’ have?

We now discuss this question as follows:

For a specific pointing direction (a, b, c)T , where a2+b2+c2 = 1, what are the possible

values of θ and φ that will solve the set of equations

sin θ sinφ cosα + cos θ sin2 φ

2
sin 2α = a,

− cos θ sinφ cosα + sin θ sin2 φ

2
sin 2α = b,

cos2 φ

2
− sin2 φ

2
cos 2α = c ?

(2.26)

(Generic Case when α 6= 0 and c 6= 1) : Multiplying the first equation by cos θ

and the second equation by sin θ in (2.26), we obtain the following pair of equations

sin2 φ

2
sin 2α = a cos θ + b sin θ,

cos2 φ

2
− sin2 φ

2
cos 2α = c.

(2.27)
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From (2.27) we obtain the following

sin2 φ

2
=

a cos θ + b sin θ

sin 2α
, (2.28)

cos2
φ

2
=

c sin 2α + (a cos θ + b sin θ) cos 2α

sin 2α
.

Eliminating φ from (2.28), we obtain

a

1− c
cos θ +

b

1− c
sin θ =

sin 2α

1 + cos 2α
, (2.29)

where α is given by (2.8), and ǫ is assumed small enough such that α 6= π. If θ0 is

the angle the vector (a, b)T makes with respect to the positive x-axis, we can rewrite

(2.29) as
√

1 + c

1− c
cos(θ − θ0) =

sin 2α

1 + cos 2α
. (2.30)

We solve (2.30) by plotting the right hand side in red and the left hand side in blue

as has been shown in Fig. 2.8. The x-coordinate is the θ-axis. The points of intersec-

tions are the values of θ that solve (2.30). We have chosen ǫ = 0.5, a = r cos γ,

b = +r sin γ and c = ±
√

1− (a2 + b2). The parameter r is varied from .1 to .9.

In the top three subfigures of Fig. 2.8, the parameter c is chosen to be negative, i.e.

the head direction is in the backward hemisphere; for smaller values of r (curves with

smaller amplitude) there are four points of intersections; for larger values of r (curves

with larger amplitude) there are two points of intersections. In the bottom three

figures of Fig. 2.8, the parameter c is chosen to be positive, i.e. the head direction is

in the frontal hemisphere; for every value of r, the number of intersection points is

two. For each possible choice of θ, we can use (2.28) to calculate the rotation angle

φ.

Theorem 3 (Donders): For a specific pointing direction, (2.30) can be solved for

θ up to 2 or 4 alternative solutions, counting multiplicities. Hence the number of

orientations for a given pointing directions of the head is either 2 or 4 counting mul-

tiplicities.
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(c) Back Hemisphere along γ = π
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(f) Front Hemisphere along γ = π
6

Figure 2.8: In this figure we show that θ can be solved up to two or four alternative choices.

Proof of Theorem 3: The generic case when α 6= 0 and c 6= 1, has already been

discussed before. The non generic special cases are discussed below:

(Special Case when α = 0) : In this case, θ is either 0, π
2
, π or 3π

2
. When θ = 0,

we have a = 0, b = − sinφ and c = cosφ; when θ = π, we have a = 0,

b = sinφ and c = cosφ. Finally when θ = π
2
we have b = 0, a = sinφ and

c = cosφ and when θ = 3π
2

we have b = 0, a = − sinφ and c = cosφ. The

rotation matrix (2.1) is uniquely given by







1 0 0

0 c b

0 −b c






, when θ = 0 or π (2.31)

and






c 0 a

0 1 0

−a 0 c






, when θ =

π

2
or

3π

2
. (2.32)
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From (2.31) we infer that when a = b = 0 and c = −1, the gaze direction is

precisely backwards. There are exactly two distinct preimages of the mapping ‘proj’

given by






1 0 0

0 −1 0

0 0 −1






and







−1 0 0

0 1 0

0 0 −1






. (2.33)

(Special Case when c = 1) : In this case, it would follow that a = b = 0. From

(2.27) we would infer that

sin2 φ

2
sin 2α = 0; cos2

φ

2
− sin2 φ

2
cos 2α = 1. (2.34)

We deduce from (2.34) that φ = 0 and θ is arbitrary. The rotation matrix W, given

by (2.1), is trivially the identity matrix.

(Q.E.D)

The main result of Appendix I can be summarized as follows: For head rotation

satisfying Donders’ Law, for a specific head direction, the head orientation matrix is

not necessarily unique but can be ambiguous up to two or four choices. If ǫ is chosen

to be 0.5, we observe graphically in Figs. 2.8d, 2.8e, 2.8f that for head direction

in the front hemisphere, the head orientation is unique up to two choices. For head

direction in the back hemisphere, the head orientation is ambiguous up to two choices,

until a threshold, as evidenced by Figs. 2.8a, 2.8b, 2.8c. Closer to the backward head

direction, the number of possible head orientations, for a specific head direction, splits

up to four. This is also evident in Figs. 2.8a, 2.8b, 2.8c where we notice that blue

curves of lower amplitude intersect the red curve at four distinct points.

For different values of ǫ in the Donders’ constraint (2.8), the threshold has been

computed where the number of solutions of (2.30) jump from 2 to 4, and has been

sketched in Fig. 2.9. Outside the shaded region S in Fig. 2.9, the number of solutions

of (2.30) is precisely 2, counting multiplicity. Inside the shaded region S in Fig. 2.9,

the number of solutions of (2.30) is no more than 4, and is precisely 4 almost every-

where.
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(a) ǫ = 0.1 (b) ǫ = 0.2 (c) ǫ = 0.3

Figure 2.9: Backward pointing direction of the head is shown as the south pole. The shaded

regions S around the south pole has been sketched for different values of ǫ.

Example I.1 (Example indicating two alternative solutions under Donders’

Law): In this example we consider Donders’ constraint (2.8) by selecting ǫ = 0.5.

For a specific head direction vector (0.4330 − 0.2500 0.8660), we solve (2.30) and

obtain θ = .9053 and θ = 4.2934 to be the two distinct solutions. The corresponding

values of φ are given by φ = .5940 and θ = −.5630. The corresponding orthogonal

matrices (2.1) are given by






+0.8798 −0.1962 +0.4330

+0.3264 +0.9116 −0.2500

−0.3457 +0.3613 +0.8660






and







+0.8678 +0.2436 +0.4330

−0.1440 +0.9575 −0.2500

−0.4755 +0.1546 +0.8660






. (2.35)

Note that the last column of the above two matrices are the same indicating the

pointing direction. The first two columns are the orientations of the head. The ex-

ample shows two distinct orientations for the same head direction. Pointing directions

for which the number of distinct solutions of θ is 4 has not been considered in this

example.

Example I.2 (Potential control that transfers between two orientations of

the head at a given fixed pointing direction): In this example, we construct

trajectories on the space S2 of pointing directions of the head that start and end at

the same point. However, the initial and the final point do not correspond to the same

28



Texas Tech University, Indika B. Wijayasinghe, August 2013

orientation of the head. The trajectories are constructed using the potential function

(2.21) assuming A = B = 1.0, together with a suitable damping control τθ = −1 θ̇

and τφ = −1 φ̇. Starting from a fixed pointing direction, two trajectories have been

constructed that start and end at the two corresponding head orientations. The re-

sults have been displayed in Fig. 2.10. In Fig. 2.10a the blue trajectory is clockwise

from left to right as shown in Fig. 2.10b. Correspondingly the black trajectory is anti

clockwise from left to right. The extreme left and right orientations correspond to the

same pointing direction of the head. In this simulation, ǫ has been chosen as −0.1309.

Remark: One can conclude from the simulation result displayed in Fig. 2.10 that if

Donders’ constraint has to be satisfied throughout the trajectory of head movement,

‘orientation flipping’ would require the head to move along a cycle. It is unclear, if

such ‘head movement gaits’ have any functional significance.

(a) Two trajectories on
the space S2 of pointing
directions of the head.

(b) Each of the two trajectories are displayed from
left to right showing the head orientations.

Figure 2.10: Orientation flipping head movement using potential control and satisfying Donders’

constraint.

2.9 Appendix II: Half Angle Rule

Starting from a specific orientation, in order for the head to move satisfying the

Donders’ constraint (2.8), the angular velocity and acceleration vectors have to satisfy

a constraint. In fact these vectors have to lie in a plane that changes with the moving

head. The ‘half angle rule,’ we consider in this appendix, describes this moving plane.

For the eye movement problem satisfying Listing’s law such a half angle rule is already
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known (see [11]). We obtain a generalization of the half angle rule that would apply

to the head movement problem satisfying Donders’ constraint. Clearly, half angle rule

would be an important constraint to be satisfied in order for the head orientations to

satisfy Donders’ constraint.

Let us rewrite the unit quaternion (2.2) as

q(t) =

(

cos φ(t)
2

sin φ(t)
2

n(t)

)

, (2.36)

where n(t) is the axis of rotation given by (2.9). The time derivative of q can be

expressed as (see [41])

q̇(t) =
1

2
ω̃(t) • q(t), (2.37)

where ω̃ = (0, ω) is a quaternion whose vector part ω is the angular velocity of the

‘head’ with respect to a fixed universal coordinate attached to the ‘body’. (In case

of eye movement, ω is the angular velocity of the ‘eye’ with respect to a coordinate

fixed to the ‘head’.) The formula (2.37) can be rewritten as

q̇(t) =
1

2

(

−(ω � n) sin φ

2

ω cos φ

2
+ (ω × n) sin φ

2

)

. (2.38)

By computing the derivative of (2.36), we obtain

q̇(t) =
1

2

(

− sin φ

2
φ̇

2 sin φ

2
ṅ + cos φ

2
φ̇ n

)

. (2.39)

Comparing (2.38) and (2.39) we obtain

φ̇ = ω � n (2.40)

and

sin
φ

2
ṅ =

1

2
cos

φ

2
ω +

1

2
sin

φ

2
(ω × n) − (

1

2
cos

φ

2
φ̇) n. (2.41)

30



Texas Tech University, Indika B. Wijayasinghe, August 2013

Let hD be a vector perpendicular to the Donders’ surface at θ. We have

hD � ṅ = 0 ⇒

(hD � ω) cos
φ

2
+ hD � (ω × n) sin

φ

2
− (ω � n) (hD � n) cos

φ

2
= 0 ⇒

(

hD cos
φ

2
− (hD × n) sin

φ

2
− (hD � n) cos

φ

2
n

)

� ω = 0. (2.42)

Writing

h′

D = hD − (hD � n) n,

we obtain
(

h′

D cos
φ

2
− (h′

D × n) sin
φ

2

)

� ω = 0. (2.43)

Note that h′

D is an orthogonalization of hD with respect to the unit ‘axis of rotation’

vector n. It follows from (2.43) that –

“The angular velocity vector must belong to a plane Pω passing through n whose

normal forms an angle φ

2
with respect to the orthogonalized h′

D”.

Remark: One way to think about generating the plane Pω is to start from hD and

obtain h′

D by orthogonalization. Subsequently rotate using the right hand rule the

vector h′

D along the axis n by an angle φ

2
. The obtained vector nω is orthogonal to

the plane Pω (see Fig. 2.11a for an illustration).

Remark: For the case of eye movement satisfying Listing’s Law, the vectors hD and

h′

D are the same vectors and they are equal to (0, 0, 1)T . It is straightforward to verify

that the angular velocity vector (ω1, ω2, ω3)
T is given by







ω1

ω2

ω3






=







cos θ

sin θ

0






φ̇ +







− cos φ

2
sin θ

cos φ

2
cos θ

sin φ

2






2 sin

φ

2
θ̇.

So in the case of ‘Listing’, the vector nω is explicitly given by

(

sin θ sin φ

2
− cos θ sin φ

2
cos φ

2

)T

,
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which clearly has an angle φ

2
with respect to the vector (0, 0, 1)T . We now state the

following theorem.

Theorem 4 (Half Angle Rule): A necessary condition for the axis of rotation

vector

n(θ) =
(

cos θ cosα, sin θ cosα, sinα
)T

, α = ǫ sin(2θ)

to remain inside the Donders’ surface (2.10) is described as follows. For each value

of θ, the angular velocity vector must be confined to a plane Pω passing through

n whose normal forms an angle φ

2
with respect to the vector h′

D, where h′

D is the

orthogonalization of hD with respect to n. Finally, when φ 6= 0 the above necessary

condition is also sufficient.

Proof of Theorem 4: The necessity of the half angle rule has already been sketched

in (2.41), (2.42) and (2.43). When φ 6= 0, using (2.41), it would follow that the

implications in (2.42) can be reversed. Thus the half angle rule is also sufficient.

(Q.E.D)

In closing this appendix, we would like to claim that in order for the Donders’

constraint to be satisfied, the angular acceleration vector must be constrained to an

affine plane parallel to Pω. Let us define

n̄ω =
nω

‖nω‖
,

where we have n̄ω � ω = 0. It follows that the angular acceleration vector ω̇ satisfies

n̄ω � ω̇ = − ˙̄nω � ω. Note that n̄ω � ω̇ is the scalar projection of the vector ω̇ on the

vector nω normal to the plane Pω. The acceleration vectors are thus confined to a

plane Pω̇ with the property that its scalar projection on nω is given by − ˙̄nω � ω. It

follows that the acceleration vectors lie in a plane Pω̇ parallel to the plane Pω at a

distance − ˙̄nω � ω (see Fig. 2.11b for an illustration).

We remark that the vector ˙̄nω is perpendicular to nω and hence it belongs to the

plane Pω. Under the Listing’s constraint, it has been shown in [11] that the vector
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˙̄nω is perpendicular to ω. It would therefore follow that for this case, Pω and Pω̇ are

the same plane, as already claimed in [11].

(a) Plane Pω containing the angular velocity
vectors.

(b) Planes Pω and Pω̇ are parallel.

Figure 2.11: Figure illustrates the construction of Pω and Pω̇.
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CHAPTER 3

POTENTIAL AND OPTIMAL CONTROL OF HUMAN HEAD MOVEMENT

USING TAIT-BRYAN PARAMETRIZATION

Abstract: Human head movement can be looked at, as a rotational dynamics on

the space SO(3) with constraints that have to do with the axis of rotation. Typically

the axis vector, after a suitable scaling, is assumed to lie in a surface called Donders’

surface. Various descriptions of the Donders’ surface are in the literature and in this

paper we assume that the surface is described by a quadratic form. We propose a Tait

Bryan parametrization of SO(3), that is new in the head movement literature and

describe Donders’ constraint in these parameters. Assuming that the head is a perfect

sphere with its mass distributed uniformly and rotating about its own center, head

movement models are constructed using classical mechanics. A new potential control

method is described to regulate the head to a desired final orientation. Optimal

head movement trajectories are constructed using a pseudospectral method, where

the goal is to minimize a quadratic cost function on the energy of the applied control

torques. The model trajectories are compared with observed trajectories of human

head movement.

3.1 Introduction

Neurologists, physiologists and engineers have been interested in modeling and con-

trol of the eye since 1845 with notable studies conducted by Listing [35], Donders [16]

and Helmholtz [59]. Specifically, it has been observed that the oculomotor system

chooses just one angle of ocular torsion for any one gaze direction (see Donders [16]).

Since its discovery, the Donders’ law has also been applied to the head (see Ceylan et

al. [13]), which is mechanically able to rotate torsionally, but which normally adopts

just one torsional angle for any one facing direction, see Straumann et. al. [51], Glenn

and Vilis [26]. A geometric consequence of the Donders’ Law is that the three di-

mensional vectors that represent the ‘rotation vectors’ of the head are not spread out

in a 3-D volume but instead fall in a single two-dimensional surface known as the

Donders’ surface. It has been further proposed, see Glenn and Vilis [26], Theeuwen

et. al. [52], Radau et. al. [45], Tweed et. al. [54], Medendorp et. al. [37], Misslisch et.
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al. [39], that Donders’ Law follows what is known as the Fick’s strategy. According

to this strategy, Donders’ surface is a saddle-shaped surface, with non-zero torsional

components at oblique facing directions, obtained by mildly twisting a plane. Don-

ders’ surfaces of various shapes are shown in Fig. 3.1, obtained from experimentally

recorded head movement data.

We revisit Donders’ Law following the Fick gimbal strategy (see Fick [20]). The

Fick strategy of human head movement is to rotate the head in such a way that the

line joining the center of the two eyes remain horizontal at all times, assuming that

the head orientation initially satisfies this constraint. A typical gimbal system has two

axes of rotations, where the assumption is that the first axis is fixed and the second

axis rotates with the head, when the head rotates about the first axis. Subsequently,

the head also rotates about the second axis. We assume that the fixed axis is the

vertical axis, which is perpendicular to the ground and passes through the center of

the head. The initial orientation of the second axis is horizontal and is parallel to the

line joining the two eyes, also passing through the center of the head. We denote the

anticlockwise rotation angle about the fixed (yaw) axis by φ1, and the anticlockwise

rotation angle about the nested horizontal (pitch) axis by φ2. The roll is assumed to

be zero and the final orientation of the head is a combination of the two rotations,

yaw and pitch.

In this paper the Fick gimbal strategy is modified by introducing a non zero roll as

a function of yaw and pitch. Let us consider a third axis, initially along the line of

gaze perpendicular to the vertical and horizontal axes. We assume that the third axis

rotates with respect to the first two axes by angles φ1 and φ2 respectively. Finally, we

assume that the head rotates anticlockwise by an angle φ3 with respect to the nested

third (roll) axis. A specific rotation in SO(3) can be parameterized by the three

angles φ1, φ2 and φ3, and these are called the Tait Bryan angles. Donders’ surface is

implemented as a constraint on the three angles, to be described later in this paper.

We present the study of head movement using two control strategies, potential and

optimal control. The potential control strategy assumes that the muscles actuating

the head movement are guided by an ‘artificial’ potential term, the minimum of

which is adjusted by the final orientation of the specific head movement manoeuvre.

Likewise, the optimal control strategy assumes that the three generalized torques
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on the model of the head are chosen to minimize a suitably defined quadratic cost

function.

Using the Tait-Bryan parametrization we simulate head movement trajectories us-

ing potential control, the main idea of which has already been introduced by Ghosh

and Wijayasinghe [22]. A new form of the potential function is introduced in this

paper that has the advantage of being describable using a form independent of the

choice of the coordinates. We also augment the associated Euler Lagrange’s equation

(see [21]) by adding an appropriate damping term, and the simulated head movements

are compared with recorded head movement data.

The optimal control problem of human head movement, employing the dynamics on

the Donders’ surface and minimizing a quadratic cost function on the control torque

input in the Euler Lagrange’s equation, is nonlinear and high-dimensional. As a result,

they are exceedingly difficult to solve analytically, and we implement a pseudospec-

tral method to transform this optimal control problem into a nonlinear programming

problem. This choice of discretization has many advantages (see [18], [50]). As a spec-

tral method using orthogonal functions, the order of approximation (discretization)

necessary to capture the dynamics is significantly smaller than conventional finite dif-

ferences or Runge-Kutta techniques. As a direct collocation method, we can include

arbitrary constraints and bounds to restrict both the controls and trajectories of the

system. We use this ability to formulate the dynamics on SO(3) and add a separate

constraint to impose the Donders’ surface. We compare the optimal trajectories with

those using potential control, and the shape of the experimental trajectories to find

significant agreement.

The choice of the potential function and the cost function are arbitrary. No claim

is made that the human brain chooses one strategy or the other. The resulting

model head trajectories obtained by simulation are compared with experimental head

movement trajectories. Improved error performances are certainly possible if the

potential and optimal cost functions are matched to the observed trajectories – a

subject of future research.

36



Texas Tech University, Indika B. Wijayasinghe, August 2013

3.2 Donders’ surface described by the Fick gimbal

Head movements can be described as a trajectory in SO(3), the space of rotations.

Parametrization of points in SO(3) can be easily obtained from a parametrization of

S3, the unit sphere in IR4. As described in [43], let us assume that the points in S3

are unit quaternions with a coordinate map given by:

ρ : [0, 2π] × [0, π] ×
[

−
π

2
,
π

2

]

→ S3 (3.1)

where

ρ(θ, φ, α) =













cos φ
2

sin φ
2 cos θ cosα

sin φ
2 sin θ cosα

sin φ
2 sinα













. (3.2)

Next we consider the surjective 2−1 map rot from [43], between S3 and SO(3) given

by

rot : S3 → SO(3). (3.3)

The image of the composite map “rot ◦ ρ(θ, φ, α)” is a rotation matrix which rotates

a vector in IR3 around the axis

(cos θ cosα, sin θ cosα, sinα)T (3.4)

by a counterclockwise angle φ. Note that when α = 0, the axis (3.4) lies in a plane

called the Listing’s plane. It follows that α is the angle between the axis of rotation

and the Listing’s plane and θ is the angle between the projection of the axis of rotation

on the Listing’s plane and the positive x-axis.

Going back to the Fick strategy for head movements, we can represent the hori-

zontal rotation about the fixed vertical axis, by the quaternion

ρ1 = ρ
(π

2
, φ1, 0

)

.

We can also represent the vertical rotation about the nested horizontal axis, by the

quaternion

ρ2 = ρ (0, φ2, φ1) .
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The resultant quaternion ρfick is obtained as a quaternion product (see [2]) ρfick =

ρ2 ∗ ∗ρ1 given by

ρfick(φ1, φ2) =













cos φ1

2 cos φ2

2

cos φ1

2 sin φ2

2

sin φ1

2 cos φ2

2

− sin φ1

2 sin φ2

2













. (3.5)

The two parameter family of quaternions (3.5), parameterize the set of all rotation

matrices allowed by Fick Gimbals. If we denote

ρfick(φ1, φ2) = (q0, q1, q2, q3)
T (3.6)

the Fick strategy implies that the qi-s satisfy the relation

q0q3 = −q1q2, (3.7)

and this Donders’ surface has already been introduced in the literature earlier (see

for example [26] and [13]).

3.3 Donders’ surfaces from human head movement data

We now briefly describe an experimental procedure to collect human head move-

ment data recorded in conjunction with eye movement. For complete details on these

experiments, we would refer to Glasauer et. al. [25] and Kremmyda et. al. [33]. Data

was recorded from 6 subjects, aged 25 to 38 years with no known neurological or

orthopedic disorders. For 3D eye movement recordings, a dual search coil was used

on the left eye (Skalar, Delft, The Netherlands) and for the 3D head movements, two

coils mounted on a head ring at 90◦ angle between them was used. Both head and

eye coil measured absolute position in space. Therefore, when the head was allowed

to move, the eye coil recorded gaze (combined eye and head) movements. When the

head was fixed, gaze and eye movements were identical. Signals were sampled at 1

KHz. The subjects were seated in complete darkness inside a magnetic field (Remmel

Labs) and were instructed to follow a laser dot (size 0.1 deg, distance 145 cm). Details

on the calibration method are given elsewhere (Glasauer et. al. [25]). Subjects had

to follow the target with a combination of natural eye and head (gaze) movements.
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(a) Surface 2 (b) Surface 3 (c) Surface 4

(d) Surface 6 (e) Surface 8 (f) Surface 13

Figure 3.1: Using collected data on human head orientations, six Donders’ surfaces displayed in
this figure are obtained by regressing the head orientation points represented as unit quaternions.
The three coordinates are the scaled coordinates q̄1, q̄2 and q̄3.

The laser dot jumped randomly between the center and eight peripheral positions by

28◦, so that each final position is reached from a different initial position four times

(maximum target jump is 56◦ horizontally and vertically). In each position the dot

was first visible for 1000ms, then disappeared for 2500ms and appeared again in the

same position.

The head movement data had been recorded as a temporal sequence of orientation

points, each point represented as a unit quaternion. A second order Donders’ surface

is obtained by least squares regression 1 using the data points. We obtain six Donders’

surfaces (sketched in Fig. 3.1) of the form

q̄3 = h0 + 2h1q̄1 + 2h2q̄2 + h11q̄
2
1 + h22q̄

2
2 + 2h12q̄1q̄2, (3.8)

whose parameters are displayed in Table 3.1.

1
A system of linear equation is written on the coefficient space of (3.8) using the recorded data q̄i. The coefficients are now

calculated using matrix pseudoinverse [10].
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Table 3.1: For each of the 6 Donders’ surfaces in Fig. 3.1, the parameters from equation (3.8) have

been displayed.

Data set h0 2h1 2h2 h11 h22 2h12

2 -0.0087 -0.0611 +0.0628 -0.1434 -0.0067 -2.2738
3 -0.0129 -0.0680 -0.1032 +0.1626 -0.0015 -0.2548
4 +0.0036 +0.0274 -0.0919 +0.2691 +0.1695 -0.4636
6 -0.0010 -0.0201 +0.0148 +0.0151 -0.1667 -2.5346
8 -0.0062 -0.0912 +0.2553 -0.4585 -0.1278 -1.0661
13 +0.0094 -0.0312 +0.0262 +0.5694 +0.1996 -2.4467

3.4 Tait-Bryan parametrization of the Donders’ surface

In this section, we introduce the Tait-Bryan angles [17], [42], given by φ1, φ2, φ3

that generalize the gimbal coordinates. The first two angles are defined as before

(see sections 3.1 and 3.2) for the Fick gimbal. An additional third angle φ3 measures

rotation with respect to a third axis which is initially orthogonal to the first two

axes of head rotation. The instantaneous direction of this third axis is obtained by

rotating it by φ1 with respect to the first axis and by φ2 with respect to the rotated

second axis. Analogous to (3.5), it turns out that the resultant quaternion is given

by

ρTaBr(φ1, φ2, φ3) =











sin φ1

2
sin φ2

2
sin φ3

2
+ cos φ1

2
cos φ2

2
cos φ3

2

cos φ1

2
sin φ2

2
cos φ3

2
+ sin φ1

2
cos φ2

2
sin φ3

2

sin φ1

2
cos φ2

2
cos φ3

2
− cos φ1

2
sin φ2

2
sin φ3

2

cos φ1

2
cos φ2

2
sin φ3

2
− sin φ1

2
sin φ2

2
cos φ3

2











. (3.9)

In the above representation, φ3 = 0 reduces to (3.5). In order to impose Donders’

constraint, we allow φ3 as a function of φ1 and φ2 in (3.9). Such a parametrization

of the Donders’ surface would be called the Tait-Bryan parametrization.

We now normalize the above quaternion (3.9) by dividing each term by cos φ3

2

and substitute the coordinates in the Donders’ surface (3.8). This way, we obtain a

quadratic equation in tan φ3

2
given by

t tan2
φ3

2
+ s tan

φ3

2
+ r = 0, (3.10)

where t, s and r are functions of φ1 and φ2, details of which are omitted. For those

angle variables φ1, φ2 for which s2 − 4 t r ≥ 0, we solve φ3 as a function of φ1 and
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(a) Generalized gimbal frame (b) Head showing gimbal
axes

Figure 3.2: Tait-Bryan angles are φ1, φ2, φ3 where φi is counterclockwise head rotation, with
respect to Axis i.

φ2.

When the discriminant is strictly positive, one can solve (3.10) for φ3 up to two dis-

tinct choices. Since, specifying the angles φ1 and φ2 completely specifies the heading

direction of the head given by

ρ1 =
(

sinφ1 cosφ2 − sinφ2 cosφ1 cosφ2

)T

(3.11)

the two choices of φ3 for a given heading direction would correspond to two distinct

orientations. The following proposition completely summarizes the picture (see [61]

for proof).

Proposition: For the angle variables φ1 and φ2 for which the discriminant s2 −

4 t r > 0 there exist precisely two distinct orientations that satisfy the Donders’

constraint (3.8) while corresponding to the specific heading direction (3.11). These

two orientations are given by two distinct values of φ3. On the other hand, when the

discriminant s2 − 4 t r < 0, no orientation would satisfy both the specific heading

direction (3.11) and the Donders’ constraint (3.8).
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3.5 Potentially driven head movement with damping

Our goal in this section is to simulate head movement using the Tait-Bryan parametriza-

tion introduced in section 3.4. The head movement trajectories are simulated using

an appropriate Lagrangian formulation, the main ideas of which are already sketched

in [22], [43]. For the purpose of setting up the notation, we rewrite the main steps as

follows.

Let q(φ1, φ2) be a parametrization2, of points in S3 that satisfy the Donders’ con-

straint (3.10). We label this space DOND and define Riemannian metric on this

space by

G =

(

qφ1 .qφ1 qφ1 .qφ2

qφ2 .qφ1 qφ2 .qφ2

)

, (3.12)

where qγ = ∂q

∂γ
. Let X = (φ1, φ2)

T be the vector of angle variables. As in [43], we

would define the Kinetic Energy3 KE as

KE =
1

2
ẊTGẊ. (3.13)

If the potential energy is represented by V , the Lagrangian of the head movement

system can be written as

L = KE − V. (3.14)

The equation of motion on the Donders’ surface, using the Euler Lagrange equation

can now be described as
d

dt

∂L

∂γ̇
−

∂L

∂γ
= τγ (3.15)

where γ can be the angle variable φ1 and φ2 and where τγ is the generalized torque

input to the system. The resulting equations of motion can be expressed as

GẌ + ĠẊ − ∇XL = Γ, (3.16)

where Γ = (τφ1 τφ2)
T and where ∇X is the gradient operator with respect to X

2
We obtain this parametrization from (3.9) by writing φ3 as a function of φ1 and φ2 given by (3.10)

3
The head is assumed to be a perfect sphere with mass distributed uniformly. The rotation is assumed to be about the center of

the sphere.
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defined as

∇X =

(

∂

∂φ1

,
∂

∂φ2

)T

. (3.17)

3.5.1 Choice of a potential function

Potential functions are added to the Lagrangian so that the head movement tra-

jectory can move towards points of least potential4. Eye movement to the frontal

gaze direction, has been studied in [43] under the influence of the potential function

V (φ) = 1
4
sin2(φ

2
), which had a minimum at φ = 0. Eye and head movements are also

studied in [22] under the influence of the potential function

V (θ, φ) = A sin2 φ− φ0

2
+ B sin2 θ − θ0

2
.

The minimum of this potential occurs at φ = φ0 and θ = θ0. We assume that the

pair of angles φ0, θ0 define a final gaze direction of the eye or pointing direction of the

head. We argue in this section that the structure of these potential function are not

“coordinate free”. It is a priori unclear what the corresponding potential function

would be, when the coordinates of the parametrization are altered.

We now propose a new potential function described as follows

V (φ1, φ2) = A (1− |q(φ1, φ2).q0|) (3.18)

where q0 is a fixed unit quaternion on the Donders’ surface, and q(φ1, φ2).q0 represent

the dot product of two vectors in IR4. It can be observed that the minima occurs at

q = q0 or q = −q0. Both of these minima correspond to a unique point on SO(3) via

the map “rot” introduced in (3.3).

3.5.2 Selection of a damping term

A damping term is added externally using the generalized torque input Γ, the goal

of which is to dampen the movement of the head so that it comes to a rest at the

desired pointing direction and orientation. An earlier paper [22], had considered the

4
We are not claiming that the brain actually controls the head using a potential function. Instead, we argue that the potential

functions generate control signals that actuate the head orientations close to the observed data.

43



Texas Tech University, Indika B. Wijayasinghe, August 2013

following form of damping:

Γ = −K Ẋ,

where K = diag(k1 k2). This choice of the damping term is coordinate dependent

and we modify the choice of damping to the following form:

Γ = −c G Ẋ, (3.19)

where c is an arbitrary constant and G is the Riemannian metric defined in (3.12).

With the choice of damping (3.19), the EL equation (3.16) reduces to

G Ẍ + (Ġ + cG) Ẋ = ∇X L. (3.20)

Assuming V ≡ 0, it has been shown in [61] that for different values of the parameter

c, the integral curves of (3.20) follow portion of the geodesic curve. This fact has

been further illustrated in [61].

3.6 Head movement as a potential control problem

Consider the head movement dynamics on DOND, described by the EL equation

(3.20). The potential function (3.18) drives the state of the head from an initial to a

final orientation. One can separate the contribution of the potential and the damping

term and rewrite (3.20) as

G Ẍ + Ġ Ẋ −
1

2
ẊT ∇XG Ẋ = Γ̃ (3.21)

where we write Γ̃ as

Γ̃ = −∇XV − c G Ẋ. (3.22)

The head movement dynamical system can now be viewed as being controlled by Γ̃

where the contributions of the potential and the damping terms can be implemented

by a controller. This, in essence, is the Potential Control Problem. We now

propose to extend the potential control formulation (3.21), (3.22) as a dynamical

system on S3 (instead of DOND). The Donders’ constraint is additionally imposed

using Lagrange multiplier. The details are described as follows.
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Let q(φ1, φ2, φ3) be a parametrization of points in S3 given by (3.9). We define

Riemannian metric on S3 given by a 3 × 3 matrix G, analogous to (3.12), where

qγ = ∂q

∂γ
. Let X = (φ1, φ2, φ3)

T be the vector of angle variables. As in [43], we

would define the Kinetic Energy KE as

KE =
1

2
ẊTG Ẋ. (3.23)

As in (3.18), if the potential energy V is chosen as

V (φ1, φ2, φ3) = A (1− |q(φ1, φ2, φ3).q0|), (3.24)

where q0 is a fixed unit quaternion in DOND and q(φ1, φ2, φ3).q0 represent the dot

product of two vectors in IR4, the Lagrangian of the head movement system can be

written as

L = KE − V. (3.25)

We can impose the Donders’ constraint at this point by defining

L̃ = L+ λF = KE − V + λF, (3.26)

where F ≡ 0 is the Donders’ constraint (of the kind described in (3.10)) and λ is

the Lagrange multiplier. The equations of motion in S3 subjected to the Donders’

constraint can then be derived by using the Euler Lagrange equations which can be

described as
d

dt

∂L̃

∂γ̇
−

∂L̃

∂γ
= τγ , (3.27)

where γ is the angle variables φ1, φ2, φ3 and λ; and where τγ is the generalized torque

input to the system and τλ = 0. The resulting equations of motion can be expressed

as

G Ẍ + Ġ Ẋ −
1

2
ẊT ∇XG Ẋ +∇XV − λ∇XF = Γ, (3.28)

where Γ = (τφ1 , τφ2 , τφ3)
T and ∇X is the gradient operator with respect to X. The

definition of the gradient operator is similar to (3.17). Equation (3.28) can be written

in a reduced form as

G Ẍ + Ġ Ẋ − ∇XL̃ = Γ. (3.29)
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As in section 3.5.2, we would add a damping term of the form (3.19) and write (3.29)

as (3.21), where we define a new torque Γ̃ as

Γ̃ = λ∇XF −∇XV − c G Ẋ. (3.30)

The system of equations (3.21), (3.30) together with the Donders’ constraint F ≡

0 provide a description of a controlled dynamical system for which the Lagrange

multiplier λ(t) can be computed implicitly5.

3.7 Optimal control using pseudospectral method

In this section, we reconsider the head movement dynamics (3.21), without the

assumption that the control Γ̃ is generated from (3.22), using a potential function V

and a damping term. The potential and the damping terms are assumed to be absent

from the head movement dynamics and the control Γ̃ is written as (τφ1 , τφ2 , τφ3)
T . As

before, the state vector X is given by (φ1, φ2, φ3)
T .

For a given T , the optimal control problem we propose to consider is to drive the

state (X, Ẋ) from a given initial value (X(0), 0) to a given final value (X(T ), 0) while

minimizing the cost function

∫ T

0

[

τ 2φ1
(t) + τ 2φ2

(t) + τ 2φ3
(t)
]

dt. (3.31)

The initial and the final values of the state are assumed to lie on the Donders’ surface

(3.10) and the control torques are computed so that the states evolve on this Donders’

surface as well 6.

Redefining the state variables as ξ1 = (φ1, φ2, φ3)
T and ξ2 = (φ̇1, φ̇2, φ̇3)

T , the EL

equation (3.28) is written as

ξ̇1 = ξ2; G ξ̇2 + Ġ ξ2 −
1

2
ξT2 ∇ξ1G ξ2 = τφ. (3.32)

5
The Potential Control approach introduced, shares the same framework with Equilibrium Point Hypothesis (EPH), used by a lot

of researchers in human motor control (see for example [27] and [19]).
6
We remark that the Donders’ constraint is implemented directly during solving the optimal control problem numerically, and not

with the aid of a Lagrange’s multiplier, as has been the case in (3.26). The Lagrange multiplier is assumed to be 0.
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The Donders’ constraint (3.10) is given by F (ξ1) = 0, where

F (ξ1) = t(φ1, φ2) tan
2 φ3

2
+ s(φ1, φ2) tan

φ3

2
+ r(φ1, φ2),

and t, s, r are defined in (3.10). The boundary conditions are given by

ξ1(0) = (φ10, φ20, ∗), ξ1(T ) = (φ1T , φ2T , ∗),

ξ̇1(0) = ξ̇1(T ) = (0, 0, 0), ∀ t ∈ [0, T ].

The control τφ is described by the vector (τφ1 , τφ2 , τφ3) of generalized torques and ∗

denotes a free parameter so that the initial and final states lie on the Donders’ surface

(3.10).

Taken together, the preceding cost function (3.31), dynamics (3.32), and Donders’

state-constraint (3.10) form an optimal control problem. While analytical methods

(i.e., the maximum principle) exist to solve such problems, systems of this size and

complexity are typically intractable and, therefore, require computational methods

to solve them [44]. A variety of numerical methods exist for solving optimal control

problems and can generally be classified as either direct or indirect. An indirect

method finds approximate solutions to the two point boundary value problem given

by the necessary conditions of the maximum principle. Applying an indirect method

requires first solving for this set of coupled state and adjoint equations. When working

with complex nonlinear systems, especially those employing nonlinear constraints,

this can be both difficult and tedious. A direct method avoids these issues by directly

discretizing the original problem into a nonlinear programming problem. Since all

variables are physically relevant to the problem (contrast this with adjoint variables

in indirect methods), this facilitates adding additional constraints as needed. For

these reasons, we use a direct method to solve for the optimal torques.

We implement a pseudospectral method to solve the optimal control problem de-

scribed above. This method relies on approximation by orthogonal polynomials (in

our case we use the Legendre polynomials), which admits spectral accuracy, similar

to a Fourier approximation for periodic functions [7]. This type of approach has been

used effectively to solve problems in Fluid Dynamics, and since then the related con-

cepts have been successfully applied in a wide variety of domains, including satellite
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motion [18] and quantum mechanics [50]. The pseudospectral method uses orthogo-

nal polynomial expansion to approximate the states and controls of the system and

thereby inherit the spectral accuracy characteristic of such expansions [47] (the kth

coefficient of the expansion decreases faster than any inverse power of k) [12]). Using

recursive properties unique to certain classes of orthogonal polynomials, e.g. Legen-

dre and Chebyshev, derivatives of the states can again be expressed in terms of the

orthogonal polynomial expansions, making it possible to accurately approximate the

differential equation that describes the dynamics with an algebraic relation imposed

at a small number of discretization points.

The pseudospectral method discretizes the continuous cost, dynamics, and con-

straints using interpolation on a set of Gauss-Lobatto nodes specially selected for

near-optimal convergence in terms of the approximation [49]. Using an expression

that relates the k + 1 and k terms of the interpolation functions, we can rewrite the

dynamics as an algebraic relation. Leveraging the interpolation on the selected nodes

in a different way permits a highly accurate approximation of the integrated cost,

using Gaussian quadrature [12]. For additional details on the computational method,

see [7, 12].

3.8 Results

Important results of this paper are displayed in the form of trajectories sketched

in Figs. 3.3, 3.4, 3.5 using scaled coordinates q̄i = qi
q0

for i = 1, 2, 3 (see equation

(3.6)). For each of the six subjects, from which the head movement data has been

collected, the figures display how the trajectories generated by the potential and the

optimal controller compare with the recorded head movement data. Recall that,

during data collection, the human subjects directly moved their head between two

pointing directions.

The optimal control torques and trajectories are obtained over a fixed duration

T = 1 with initial and final conditions for (φ1, φ2) taken from recorded head move-

ment trajectories. The optimal controller is computed ensuring that the state remains

sufficiently close to the Donders’ surface. For the purpose of comparison, the param-

eters in the potential control are adjusted so that the final time is approximately

T = 1. This is achieved by choosing the potential control coefficient A in (3.24) to
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(a) Trajectory from surface 2 (b) Trajectory from surface 3

(c) Trajectory from surface 4 (d) Trajectory from surface 6

(e) Trajectory from surface 8 (f) Trajectory from surface 13

Figure 3.3: One specific head movement trajectory is shown for each of the six Donders’ surfaces
in Fig. 3.1 on the coordinate space q̄1, q̄2 and q̄3. Green lines are from the experimentally collected
head movement data. Red lines are from the simulated trajectories using potential control (3.29),
(3.30), where V is described in (3.24). Blue lines are from the simulated trajectories using optimal
control minimizing (3.31). Parameters A and c are chosen as 35 and 10, respectively.
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(a) Projected from Fig. 3.3a (b) Projected from Fig. 3.3b

(c) Projected from Fig. 3.3c (d) Projected from Fig. 3.3d

(e) Projected from Fig. 3.3e (f) Projected from Fig. 3.3f

Figure 3.4: Head movement trajectories from Fig. 3.3 are projected on the plane q̄1, q̄2. The
projected trajectories indicate that the simulated trajectories are linear on the plane and does not
capture fluctuations of the recorded head movement trajectories from a line. Potential and optimal
trajectories overlap sometimes, and in those cases all three colors are not visible.
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be 35 and the friction coefficient c in (3.19) to be 10.

The recorded and the simulated head movement data are points on the unit quater-

nion S3. We display the trajectory of data points on a coordinate chart defined by

(q̄1, q̄2, q̄3) in Fig. 3.3. Ideally, since the head orientations satisfy Donders’ constraint

(3.8), it would follow that q̄3 depends completely on q̄1 and q̄2. Hence the head move-

ment trajectories can also be plotted on the (q̄1, q̄2) plane, as shown in Fig. 3.4. For

each of the six subjects, multiple trajectories have been picked and the correspond-

ing trajectories are displayed in Fig. 3.5, together with the simulated potential and

optimal trajectories. Out of the multitude of trajectories, one specific trajectory has

been picked for each of the six subjects, and displayed in Fig. 3.3. The initial and

final points of the simulated trajectories do not match with the recorded trajectories

because simulations are carried out by projecting the recorded points on the Donders’

surface. Whereas the recorded trajectories are not precisely on the Donders’ surface,

the simulated trajectories are sufficiently close to the surface. In Table 3.2 we display

the maximum error percentage between the simulated and the recorded trajectories

for each of the trajectories in Fig. 3.5. The error is computed as an angle between

the corresponding unit quaternion vectors after we have reparameterized each point

of a trajectory as a function of the arc length. Finally, the error is represented as a

percentage of the angle between the initial and final unit quaternion vector. From

this table, we observe that the percentage of maximum error between simulated and

recorded trajectories vary, roughly between 3% and 23%, where the percentage is

calculated with respect to the total angular deviation between the initial and final

point of the trajectory7. By and large, the maximum error is observed to be less than

2◦.

For each of the six cases displayed in Fig. 3.3, the potential and the optimal control

torques are displayed in Figs. 3.6 and 3.7. The three components of the torques are

displayed in three different colors. The costs of potential and optimal controls are

computed, using (3.31), for each of the six subjects undergoing ten different head

movement maneuvers, shown in Fig. 3.5. These results, displayed in Fig. 3.8, show

that by and large the cost of potential control is about five times more than the cost

of optimal control.

7
Note that while calculating the errors, the temporal dependance of the trajectories are not looked into. Also higher percentage

errors are for shorter trajectories.
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On viewing the controllers sketched in Fig. 3.6, 3.7 we observe that the potential

controller takes a relatively large value during the initial phase of the control action.

The magnitude of the control tapers off subsequently, receding to the value 0 at the

final time T = 1. The optimal controller, on the other hand, remains relatively

active throughout the time interval [0, 1] and does not approach 0 at the final time.

In practice this would imply that the optimal controller has a discontinuity at T =

1. In view of its structure, we comment that the potential controller mimics a PD

(proportional - derivative) controller [3].

The simulated trajectories arising from potential and optimal controllers differ from

the corresponding trajectories recorded from the head movement data in essentially

two ways. First of all, the simulated trajectories are closely restricted to the constraint

imposed by Donders, whereas the recorded trajectories are not entirely restricted by

the Donders’ surface, i.e. there are small deviations away from the surface. This

is evident in Fig. 3.3. Secondly, restricted to the Donders’ surface, the simulated

data differs from the recorded data essentially by virtue of the fact that simulated

head movements do not allow for ‘excursions’ during the transition between initial

and final orientations. This is evident when the trajectories are projected on the

(q̄1, q̄2) plane (see Fig. 3.4, where the simulated trajectories are linear whereas the

recorded trajectories do have some amount of curvature). The curvature may have

been introduced artificially when the recorded movement data was split up into a

cascade of trajectories, with initial and final pointing directions recognized when the

head is observed to stop momentarily. The curvature may be a result of the subject

hesitating, before settling on a final head pointing direction. The potential or the

optimal trajectories do not capture these effects.

In the head movement experiments that generated the data, the generalized torques

applied to the head are not directly measured. Hence it is not possible to compare the

actual cost of control with the cost of controls recorded in Fig. 3.8. It is however pos-

sible to estimate the generalized torques τφ1 , τφ2 , τφ3 , using the recorded trajectories

of the head orientations and the model (3.32). For the trajectories displayed as green

lines in Fig. 3.3, the generalized torques are computed and plotted in Fig. 3.9. One

should compare the estimates of the generalized torques in Fig. 3.9 with the torques

obtained in Figs. 3.6, 3.7 for the Potential and Optimal control tasks. The following
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Figure 3.5: Head movement trajectories are shown for six surfaces in Fig. 3.1. Green lines are
the trajectories from the experimentally collected head movement data. Red lines are the head
movement trajectories using potential control with parameters chosen as in Fig. 3.3. Blue lines are
the head movement trajectories generated using optimal control minimizing (3.31). All trajectories
are displayed by projecting on to the q̄1 q̄2 plane where q̄1 = q1

q0
and q̄2 = q2

q0
.

points are noted.

Qualitatively, the estimated torques (in Fig. 3.9) do not asymptotically approach

zero8, i.e. the controls remain active throughout the time interval as is the case with

optimal torques and unlike the potential torques (in Figs. 3.6, 3.7). The costs of

the estimated torques, measured by (3.31), show that their values are close to the

optimal torques described in Fig. 3.8 (see Table 3.3). In some cases the cost of the

estimated torques are less than what is computed for the optimal torques. This is

possibly because the optimal control is derived for a trajectory restricted entirely on

the Donders’ surface, whereas the estimated torques are derived on a trajectory that

often deviates out of the Donders’ surface (see Fig. 3.3).

8
Although in some cases they veer close to zero.
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Figure 3.6: Comparison of torques from the optimal control vs torques from the potential control
for Donders’ surfaces 2, 3 and 4. Blue is τφ1

, Green is τφ2
and Red is τφ3

. Top figures, left to right
are optimal torques from Figs 3.3a, 3.3b and 3.3c. Bottom figures, left to right are potential torques
from Figs 3.3a, 3.3b and 3.3c.

3.9 Conclusion

This paper introduces a dynamic model of human head rotation, using a newly

introduced Tait Bryan parametrization. The space of head orientations is viewed as a

(Donders’) submanifold of unit quaternions, endowed with a Riemannian metric. The

movement dynamics is derived by writing the associated Euler Lagrange’s equation,

with a generalized torque as control. The control problem, we consider, is to drive

the orientation vector from a given initial value to a given final value, staying within

the Donders’ submanifold, while maintaining the time derivative to be zero at the

two boundaries. Two different control strategies are introduced. In the Potential

Control strategy, the orientation vector is driven by a gradually reducing potential

function, attaining the zero value at the end point. In the Optimal Control strategy,

the orientation vector is transferred between the two boundary points by a minimum

energy controller. A direct, pseudospectral method is introduced to derive the optimal

54



Texas Tech University, Indika B. Wijayasinghe, August 2013

0 0.2 0.4 0.6 0.8 1
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

(a) Surface 6

0 0.2 0.4 0.6 0.8 1
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

(b) Surface 8

0 0.2 0.4 0.6 0.8 1
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

(c) Surface 13

0 0.2 0.4 0.6 0.8 1
−1.5

−1

−0.5

0

0.5

1

1.5

(d) Surface 6

0 0.2 0.4 0.6 0.8 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

(e) Surface 8

0 0.2 0.4 0.6 0.8 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

(f) Surface 13

Figure 3.7: Comparison of torques from the optimal control vs torques from the potential control
for Donders’ surfaces 6, 8 and 13. Blue is τφ1

, Green is τφ2
and Red is τφ3

. Top figures, left to right
are optimal torques from Figs 3.3d, 3.3e and 3.3f. Bottom figures, left to right are potential torques
from Figs 3.3d, 3.3e and 3.3f.

controller.

Recorded head movement trajectories are compared with simulated trajectories

from potential and optimal strategies. In an appropriately chosen coordinate plane,

the simulated trajectories are approximately linear, lying sufficiently close to the Don-

ders’ surface, whereas this is not the case with the recorded data. The control actions

between potential and optimal controller are also different. A potential controller is

strong initially and gradually tapers off towards the end. An optimal controller, on

the other hand, remains active throughout the entire time interval and its value goes

to zero discontinuously at the final time. For each of the six subjects, we have made

some observations as to what extent the estimated control action is ‘potentially’ or

‘optimally’ driven. The estimated control does not taper off to zero, an indication of

the fact that perhaps the final head orientation is not of any major concern to the

subject.
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Figure 3.8: Values of the cost function (3.31) for the potential and optimal control are plotted in
the y-axis. In the x-axis we have the trajectory index for each of the 10 trajectories in Fig. 3.5. The
optimal control has been plotted in red whereas the potential control is shown in blue.

None of the six subjects in this paper used potential based control as evident from

the cost of the control signals, which was found to be close to that of the proposed

optimal control. While subjects used a control that generated head movement tra-

jectories close to both the potential and optimal trajectories, the estimated control

functions differ not only from the predictions of potential control, but also from those

of the optimal control. It is unclear (and a good question for future research) whether

the differences between the estimated actual control strategy used by the subjects and

the proposed optimal control are due to, for example, differences in head dynamics

or cost function used.
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Table 3.2: Maximum error between simulated and recorded trajectories have been displayed for

each of the trajectories in Fig. 3.5. P and O stand for the trajectories using potential and optimal

control respectively. T is the total angular displacement of a trajectory, the angle between initial

and final orientation represented as a unit quaternion. Error between two trajectories is calculated

as the maximum angle between corresponding quaternion vectors and tabulated as a percentage of

T.

❤
❤

❤
❤

❤
❤

❤
❤
❤

Trajectories

Surfaces 2 3 4 6 8 13
P (%) O (%) T (◦) P (%) O (%) T (◦) P (%) O (%) T (◦) P (%) O (%) T (◦) P (%) O (%) T (◦) P (%) O (%) T (◦)

1 9.59 9.10 8.61 7.62 7.73 19.81 7.20 12.06 12.79 15.85 15.73 4.81 10.84 10.60 11.44 23.12 23.16 5.72
2 7.12 6.80 9.04 10.35 10.06 23.39 7.87 8.22 15.18 11.20 10.22 6.06 12.14 12.63 10.59 12.75 12.78 8.30
3 3.13 2.62 8.73 5.69 5.76 24.64 3.90 2.48 16.32 7.29 7.29 6.32 3.41 8.64 7.60 6.77 6.71 8.78
4 3.71 6.66 10.47 8.43 8.42 25.94 5.22 5.93 16.92 4.52 4.31 5.45 11.86 11.64 9.10 9.22 13.72 8.77
5 9.77 9.74 10.97 7.11 7.14 22.67 7.23 7.06 16.02 14.22 14.12 7.25 4.62 4.37 7.73 12.40 12.37 6.32
6 8.53 8.47 9.46 6.58 6.58 27.09 10.59 11.09 15.38 6.51 6.30 7.93 11.72 11.93 8.99 6.49 3.25 6.39
7 7.53 7.20 10.34 8.24 7.90 28.77 5.34 4.49 18.33 14.71 10.26 6.51 9.34 9.62 9.00 4.09 4.00 7.47
8 5.28 5.74 8.59 6.93 6.10 25.08 7.52 8.14 18.03 10.69 10.72 6.40 8.47 8.47 12.36 12.58 12.68 5.58
9 5.13 5.15 8.05 6.95 6.97 26.41 7.29 7.52 21.92 10.59 10.22 8.30 10.26 10.25 9.48 9.27 9.08 6.97
10 13.01 12.76 11.46 6.47 6.37 30.49 5.65 5.43 13.60 4.28 9.30 6.80 12.05 11.99 9.71 6.23 6.23 7.24

Table 3.3: The table shows costs of estimated torques from Fig. 3.9. The trajectory numbers

correspond to the indices displayed in Fig. 3.8. Only one trajectory out of ten has been chosen for

each of the six surfaces, as displayed in Fig. 3.3.

Surface # 2 3 4 6 8 13

Trajectory # 1 8 1 2 3 2

Cost from (3.31) 0.0937 0.3820 0.0473 0.0247 0.0176 0.0180
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CHAPTER 4

POTENTIAL AND OPTIMAL CONTROL OF THE HUMAN HEAD/EYE

COMPLEX

Abstract: Human head and eye rotate in coordination to rapidly project images

of targets from the visual space. Once a target is fixated, the head/eye complex

maintains the stability of the image, even while the head continues to move. The

orientation of the head is constrained by Donders’ Law whereas the final orientation

of the eye satisfies Listing’s constraint with respect to the final orientation of the

head. The vestibuloocular reflex rotates the eye opposite to the forward movement

of the head in order to compensate and maintain image stability. This paper in-

vestigates the underlying control mechanisms behind the head and eye movements.

Using dynamic models for the head and eye, their movements are simulated using

potential and optimal control strategies. Simulated model responses are compared

with experimentally recorded head and eye movement trajectories. Simulated torques

are computed separately using potential and optimal control methods and compared

with computed torques from the experimental data.

4.1 Introduction

Neurologists, physiologists and engineers have been interested in modeling and

control of the human eye since 1845 with notable studies conducted by Listing [35],

Donders [16] and Helmholtz [59]. Specifically, it has been observed that, when the

head coordinates are fixed, the oculomotor system chooses just one angle of ocular

torsion for any one gaze direction (see Donders [16]). In fact, the axes of rotations of

the eye, away from the primary gaze direction, always lie on a fixed plane called the

Listing’s plane. Since its discovery, the so called Donders’ law, has also been applied

to the head (see Ceylan et al. [13]), which is mechanically able to rotate torsionally,

but which normally adopts just one torsional angle for any one facing direction, see

Straumann et. al. [51], Glenn and Vilis [26], Tweed and Vilis [58]. A geometric

consequence of the Donders’ Law is that the three dimensional vectors that represent

the ‘rotational vectors’1 of the head are not spread out in a 3-D volume but instead

1
See later part of the paper for a precise definition of the ‘rotational vector’.
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Figure 4.1: One of the six Donders’ surfaces introduced in [62] plotted using coordinates from the
‘rotational vectors’. The surface is described in (4.7) after scaling m0 to 1. The three coordinates
in the figure are the scaled coordinates m̄i = mi

m0

for i = 1, 2, 3, where [m0,m1,m2,m3]
T is the

quaternion. The coordinate m̄3 along the vertical line shows the nonzero torsion.

fall in a single two-dimensional surface known as the Donders’ surface (see Fig. 4.1).

When the head and eye are both allowed to move freely, the situation is a bit more

complicated (see [55]). In an attempt to capture a target, the eye violates the Listing’s

constraint and locks on to the target. In so doing the eye saccades and may move on

to an eccentric position, ahead of the head. The eye does not stay in that position

but rotates backwards, while the head moves forward, satisfying Donders’ constraint,

towards the target. As the eye recovers from its initial surge, the vestibulo-ocular

reflex guarantees that the image on the retina remains invariant. In other words, the

head movements are precisely compensated by the backward movement of the eye.

Additionally it has been observed that, in the steady state, when both the head and

the eye have momentarily reached a point of immobility, the ocular torsion is once

again close to zero. It indicates that at the point of immobility Listing’s constraint

is satisfied.

During the process of acquiring a target, the head closely follows the eye, while
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moving towards the target, and settles on points that satisfy the Donders’ constraint.

The eye on the other hand settles down (with gaze on the target) satisfying the

Listing’s constraint relative to the final position of the head. It would appear from

Fig. 4.3 that, the eye hops unrestricted to acquire a target and the head follows

the eye. In reality, however, the eye moves backwards (with respect to the head

coordinate) after acquiring a target, to compensate for the forward movement of the

head. In this paper, eye movement is modeled as a tracking problem, where the eye

is made to ‘backtrack’ the forward movement of the head. Tracking is carried out

separately using potential and optimal control methods (already introduced in [62] for

head movement problems). Application of these methods to the eye tracking problem

is new.

Starting from a head trajectory and a stationary point target, we simulate an

eye trajectory that captures the target2 followed by a backward eye movement that

compensates for the forward head motion. The head movement trajectory assumes

that the Donders’ constraint is satisfied for all points on the trajectory. Likewise, the

eye movement trajectory is computed assuming that Listing’s constraint is satisfied

when both eye and the head have reached their terminal points. This trajectory is

computed ensuring that, subsequent to the target capture, the orientation of the eye

remains invariant with respect to a fixed global coordinate system3. The invariance

constraint, together with the Listing’s constraint to be satisfied at the final time,

uniquely fixes the trajectory that the eye needs to track.

Thus, it is easy to see that the problem of acquiring a target fixed in space with

respect to a global coordinate system, is equivalent to the problem of trajectory track-

ing that the eye control system has to satisfy with respect to the moving coordinate

system attached to the head. Subsequent to target acquisition, the tracking controls

are generated by vestibulo-ocular reflex (VOR) [4], which ensures that the eye is ro-

tated backwards to compensate for the head movement. The effect of VOR on the

eye is modeled as an open loop tracking controller (see [38]). In this paper, the head

and the eye movements are simulated in three ways (shown as a chart in Fig. 4.2).

In the Ist simulation, we start with a trajectory of the human head, constructed

out of experimentally measured data. The simulated head trajectories are obtained

2
‘Capturing’ ensures that the gaze direction of the eye is pointing towards the target.

3
A coordinate system attached to the torso.
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Figure 4.2: Description of the three simulations and their goals

by making the head movement model track this trajectory. In the IInd simulation,

the trajectory considered in the first simulation, is projected onto the corresponding

Donders’ surface4. We only consider the initial and the final point of the projected

trajectory. The simulated head trajectories are obtained by requiring that the model

head starts and ends precisely at the prescribed boundary points at a prescribed

fixed time, while the control torque applied to the model head, minimizes a cost

function. In the IIIrd simulation, we choose the boundary points as in the second

simulation. We construct a potential function that has its minimum at the terminal

point. The control torque applied to the model head is generated using this potential

4
The Donders’ surface parameters of the subjects have been reported in [62].
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function. The head rotates along a trajectory that reduces the potential. Adding a

suitable damping term, the head is made to settle down at the terminal point. Once

(a) Eye trajectory in head coordinates as recorded
experimentally by the laser dots.

(b) Head trajectory in torso coordinates as recorded
experimentally by the laser dots.

Figure 4.3: Eye and Head movement manoeuvres for the subject with Donders’ surface shown in
Fig. 4.1.

the head trajectory is computed, it is easy for the eye movement control system to

compute the trajectory it needs to track. For each of the three simulations used to

compute the head movement trajectory, we have a corresponding simulation for the

eye tracking problem. In the Ist simulation, we consider the trajectory of the human

eye (corresponding to the head movement trajectory), constructed out of experimen-

tally measured data. The simulated eye trajectories are obtained by making the eye

movement model track this trajectory. In the IInd simulation, we only consider the

final point of the eye movement trajectory from the first method. Preserving the

gaze direction, we modify the final point so that the new point satisfies Listing’s con-

straint with respect to the final head position. Using the modified final point and the

head trajectory, a new trajectory is calculated for the eye movement control system

to track. Eye movement trajectories are simulated by solving an optimal tracking

problem, where we minimize a cost function which penalizes for deviations from the

required tracking signal. In the IIIrd simulation, we construct a tracking signal as

we did in the second simulation. The tracking control is simulated by introducing a

potential function whose minimum changes in time along the tracking trajectory. We

also introduce a suitable damping term into the eye dynamics similar to what was

done for the head dynamics.

We end this section discussing the main points of this paper. It is a priori puzzling,
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how the final orientation of the eye satisfies Listing’s constraint with respect to the

final orientation of the head, while maintaining image stability of the target at the

same time. This is because, once the target is acquired, eye is not free to move but

remains constrained by the head motion. We conjecture in this paper that the eye

tracks a computed signal, that depends on the head trajectory and the final target

location. We verify this conjecture using experimentally observed data as well as

simulating the head/eye complex with optimal and potential control.

An additional goal of this paper is to ascertain if the head/eye complex is primarily

controlled as an optimal control problem or the ‘brain’ uses an underlying poten-

tial function in deriving the required control. We choose a specific optimal control

problem, and a specific potential function and compare the simulated head/eye

trajectories with the trajectories constructed from observed experimental data. We

also compare the associated torques required for the head/eye complex to move

along their respective trajectories. The observed features of the head/eye complex

fall somewhere in between the optimal and potential control strategies. The details

are elaborated in section 4.8.

4.2 Listing’s and Donders’ Constraints

We assume a global coordinate system fixed with respect to the torso and that the

head and eye rotate about the center of this system. Furthermore assume that the

head and eye orientations are measured with respect to this coordinate system and

that every orientation is a point in SO(3). Without any loss of generality, the head

is assumed to be initially located at the identity matrix I. Following [22], [43], we

describe an ‘Axis Angle’ coordinate system5 on SO(3) using a coordinate map on S3

as follows:

ρ : [0, 2π] × [0, π] ×
[

−
π

2
,
π

2

]

→ S3, (4.1)

where

ρ(θ, φ, α) =













cos φ
2

sin φ
2 cos θ cosα

sin φ
2 sin θ cosα

sin φ
2 sinα













. (4.2)

5
Other choices of coordinate systems are possible. For example in [62], we have used Tait Bryan coordinates.
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(a) Actual trajectories of head and eye using
measured data from one human subject, per-
forming one specific manoeuvre.

(b) Head and eye are tracking a known signal
shown in Fig. 4.4a (Simulation I).

(c) Head moves optimally satisfying boundary
constraints, while eye backtracking the head
movement (Simulation II).

(d) Head moves potentially satisfying bound-
ary constraints, while eye backtracking the
head movement (Simulation III).

Figure 4.4: Trajectories of head and eye projected on the gaze (heading) space. Figs. 4.4c and
4.4d show simulated trajectories from dynamic models. Fig. 4.4a shows actual trajectories from
experimentally measured data. Fig. 4.4b shows simulated trajectories when the eye and head closely
tracks the experimentally measured data. The purpose of computing this simulated trajectory is to
estimate the control torque that produces the actual trajectory. The torques on the eye and head
are not directly measured. The short (blue) trajectory on top is the head movement. The green
trajectory in the middle is the eye movement with respect to a fixed global coordinate. The bottom
(black) trajectory corresponds to the eye movement with respect to the moving head coordinates.
All three black trajectories clearly show the backward movement of the eye corresponding to the
forward movement of the head.

Next we consider the map rot from [43], between S3 and SO(3) given by

rot : S3 → SO(3). (4.3)

65



Texas Tech University, Indika B. Wijayasinghe, August 2013

(a) Eye movement trajecto-
ries with respect to the torso.

(b) Eye movement trajectories with respect to the head.

(c) Head movement trajectories with respect to the torso.

Figure 4.5: Actual and simulated head and eye trajectories using scaled coordinates q̄i = qi
q0

for i = 1, 2, 3, where [q0, q1, q2, q3]
T is the unit quaternion. These coordinates are precisely the

coordinates of the ‘rotational vector’. The blue lines are the actual trajectories. The red and
the green lines are trajectories from the ‘Simulation II’ (optimal) and ‘Simulation III’ (potential)
respectively. Note that the head movement trajectories under the influence of optimal and potential
control are surprisingly close, but differs from the actual trajectory which satisfies the Donders’
constraint, only approximately.

The image of the composite map “rot ◦ ρ(θ, φ, α)” is a rotation matrix which rotates

a vector in R3 around the axis

tan
φ

2
(cos θ cosα, sin θ cosα, sinα)T (4.4)

by a counterclockwise angle φ. Every point in S3 is considered as a unit quaternion

[48]. The map rot is a 2− 1 map and every quaternion q and −q are mapped to the

same rotation matrix in SO(3). The angle parameter vector (θ, φ, α) can therefore
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be viewed as a coordinate on SO(3). The vector (4.4) is called the ‘rotational vector’.

Donders’ law states that for head rotation, the axes of rotations (4.4), lie in a

surface that goes by the name Donders’ Surface [22]. In order to describe this

surface, the torsion angle parameter α is often written as a function of the other two

parameters θ and φ. When the torsion is zero, i.e. when α = 0, the Donders’ surface

reduces to a plane that goes by the name Listing’s Plane [43]. When the head is

restricted to be fixed, orientations of the eye of an individual lie on the Listing’s plane.

When head is free to move, which is the case described in this paper, eye orientations

are not constrained by the Listing’s plane. However when the eye has fixated on a

target and when both eye and head reaches a point of immobility, Listing’s constraint

is once again satisfied.

When a point target is introduced in the visual space, eye rotates to fixate on the

target as quickly as possible. We assume that this motion takes place in S3. Let

e = [e0, e1, e2, e3]
T be the coordinates (unit quaternion coordinates) of the target

with respect to a fixed global coordinate system (assumed attached to the torso in

this paper). Furthermore, we assume that m(t) = [m0(t),m1(t),m2(t),m3(t)]
T are

the unit quaternion coordinates of the moving head, with respect to the same global

coordinate system. Finally, we assume that at t = 1, the head comes to a stop and

the eye is fixated on the target. At this time, the eye satisfies Listing’s constraint

with respect to the head. The following Lemma describes the constraint between

m(1) and e dictated by the Listing’s constraint:

Lemma I: A necessary and sufficient condition for the eye to satisfy Listing’s con-

straint with respect to the head is

e0m3(1) + e2m1(1) = e1m2(1) + e3m0(1). (4.5)

Proof of lemma I: The unit quaternion coordinates of the eye with respect to the

moving head coordinates is given by

[m0(t),−m1(t),−m2(t),−m3(t)] • [e0, e1, e2, e3] (4.6)

where • denotes quaternion multiplication (see [2] for a definition). For the eye to
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satisfy Listing’s constraint with respect to the head, the last coordinate of the product

in (4.6) must be zero at t = 1. The condition (4.5) easily follows. �

Of course, at all time ‘t’, the head coordinates satisfy an additional constraint
imposed by Donders’ law. In this paper we assume that the Donders’ surface is
quadratic6 and is of the form

m3m0 = h0m
2

0
+ 2h1m1m0 + 2h2m2m0 + h11m

2

1
+ h22m

2

2
+ 2h12m1m2, (4.7)

where the parameters h∗ have been pre computed and are assumed known.

Remark I: We would assume that as soon as the presence of a target is detected,

the final head orientation is anticipated (and this information is available to both

the ‘head’ and ‘eye’ controllers.). The coordinates e = [e0, e1, e2, e3] satisfying the

target gaze direction and the Listing’s constraint (4.5) are easily computed. If the

head follows a trajectory m(t), the eye has to follow the trajectory ξ(t) = m(t)−1 • e

in order to maintain ‘orientation stability’ of image. It would imply that the eye

controller has to track the signal ξ(t)7.

Remark II: Eye movement data (see Fig. 4.3a) was recorded in conjunction with

head movement (see Fig. 4.3b) and for complete details we would refer to Glasauer

et. al. [25] and Kremmyda et. al. [33]. Data was recorded from 6 subjects, aged 25 to

38 years with no known neurological or orthopedic disorders. For 3D eye movement

recordings, a dual search coil was used on the left eye (Skalar, Delft, The Netherlands)

and for the 3D head movements, two coils mounted on a head ring at 90 degrees angle

between them was used. Both head and eye coil measured absolute position in space.

Therefore, when the head was allowed to move, the eye coil recorded gaze (combined

eye and head) movements. The subjects were seated in complete darkness inside

a magnetic field and were instructed to follow a laser dot. Subjects had to follow

the target with a combination of natural eye and head movements. The laser dot

jumped randomly between the center and eight peripheral positions, so that each

final position is reached from a different initial position (See Fig. 4.3 for the laser dot

6
These surfaces were already introduced in [62]. There are a total of six surfaces coming from six different subjects.

7
The black trajectory in Figs. 4.6b, 4.6d, 4.6f is the signal ξ(t). The figure illustrates alternate control strategies employed by the

eye controller to track this signal
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Table 4.1: For each subject, maximum absolute value of the Donders’ error, in radians, are

displayed by taking average over all the head trajectories.

subjects actual optimal potential

1 0.0226 0.0000 0.0001

2 0.0177 0.0000 0.0002

3 0.0217 0.0000 0.0010

4 0.0150 0.0000 0.0008

5 0.0270 0.0000 0.0001

6 0.0093 0.0000 0.0000

movements corresponding to the eye and head. The subject in this figure has the

Donders’ surface sketched in Fig. 4.1).

For the Head and Eye movement data from six subjects, we display in Table 4.1 the

extent to which Donders’ law is satisfied by the actual head movement trajectories,

(see the first column of the Table), and in Table 4.2 the extent to which Listing’s law

is satisfied by the final eye orientation, (see the first column of the Table), when the

subject has acquired the target and the eye and the head have come to rest. The

point of showing the two tables is to emphasize that the two physiological constraints

stemming from Donders and Listing are closely supported by observed data. In the

other columns of the two tables, we show that the optimal and the potential controllers

that we have implemented for the Head/Eye complex (to be described later), the two

physiological constraints are closely enforced.

4.3 Head/Eye Movement Dynamics

The head and eye movement trajectories are simulated using a dynamical system,

constructed from an appropriate Lagrangian formulation, the main ideas of which are

already sketched in [22], [43]. We rewrite the main steps using coordinates (θ, φ, α)

from section 4.2.

Let q(θ, φ, α) be a parametrization of the manifold S3. We define Riemannian
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Table 4.2: For each subject, absolute value of the final Listing’s error, in radians, are displayed by

taking average over all the eye trajectories.

subjects actual optimal potential

1 0.0826 0.0000 0.0007

2 0.0200 0.0000 0.0003

3 0.0497 0.0000 0.0010

4 0.0533 0.0000 0.0012

5 0.0478 0.0000 0.0006

6 0.0366 0.0000 0.0001

metric on S3 given by

G =







qθ.qθ qθ.qφ qθ.qα

qφ.qθ qφ.qφ qφ.qα

qα.qθ qα.qφ qα.qα






, (4.8)

where qγ = ∂q

∂γ
and ‘dot’ in (4.8) is the vector dot product. Let us define X =

(θ, φ, α)T to be the vector of angle variables. As in [43], we would define the Kinetic

Energy8 KE as

KE =
1

2
ẊTGẊ. (4.9)

If the potential energy is represented by V , the Lagrangian of the head movement

system can be written as

L = KE − V. (4.10)

The equation of motion on the Donders’ surface, using the Euler Lagrange equation

can now be described as
d

dt

∂L

∂γ̇
−

∂L

∂γ
= τγ (4.11)

where γ can be the angle variable θ, φ or α and where τγ is the generalized torque

8
The head is assumed to be a perfect sphere with mass distributed uniformly. The rotation is assumed to be about the center of

the sphere. In this case, the usual definition of KE = ωT I ω, documented in Physics (see [15]), differs from the definition (4.9) by a
constant scale factor, where ω is the angular velocity vector and I is the diagonal moment of inertia matrix. The parameter I for eye
and head are chosen to be different.
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input (to be viewed as the control input) to the system. The resulting equations of

motion can be expressed as

GẌ + ĠẊ −
1

2
ẊT∇XG Ẋ +∇XV = Γ (4.12)

where Γ = (τθ τφ τα)
T and where ∇X is the gradient operator with respect to X

defined as

∇X =

(

∂

∂θ
,
∂

∂φ
,
∂

∂α

)

. (4.13)

Remark III: In this paper, the potential energy term V is assumed to be identically

zero, when we are looking at optimal control problems. On the other hand, when

the control is potentially driven (as in section 4.5), the potential energy term V is

present. We also add a suitable damping term to the equations of motion (4.12), in

order to stabilize the state vector at the point where V is minimum.

4.4 Tracking and Optimal Rotation of Human Head and Eye

We begin this section, recalling the Remark I made in section 4.2. We had remarked

that in order for the ‘eye orientation’ to satisfy Listing’s constraint when the head

and eye comes to a stop while the eye is stably gazing at the target, the eye has to

track a pre-computed trajectory (denoted by ξ(t) in the remark). We now describe

three simulation scenarios, already introduced in Fig. 4.2, with the goal of computing

the head and eye controllers using optimal and potential control. The first simulation

is meant to estimate the control signals (torques) for the measured head and eye

movements, which we subsequently compare with the optimal and potential control.

4.4.1 Simulation I: Head and Eye Tracking an observed trajectory

Assume that the dynamics of the head and eye are given by

GẌ + ĠẊ −
1

2
ẊT∇XG Ẋ = Γ. (4.14)

We would like to rewrite the dynamics (4.14) as

Ẍ + G−1ĠẊ −
1

2
G−1ẊT∇XG Ẋ = Γ1, (4.15)
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where

Γ1 = G−1Γ. (4.16)

For both, the head and the eye, we consider a cost function given by

J =

∫ 1

0

α

2
ΓT
1 Γ1 +

β

2
CTC + pT

(

F − Ẍ
)

dt (4.17)

where Ẍ = F is the equations of motion (4.15), C = (A(t) − X) and A(t) is the

trajectory to track. The trajectory A(t) has been obtained from measured head and

eye trajectory data. The parameters for the cost function (4.17) are chosen as follows:

α = 2, β = 2× 106 (for the head and the eye dynamics). They are chosen to obtain

a near perfect tracking. The initial and final orientations of the head and eye are

chosen to match the corresponding measured orientations. Boundary conditions are

prescribed by choosing the vector (X(0), Ẋ(0), X(1), Ẋ(1)).

The Hamiltonian [43] for this problem is defined as

H =
α

2
ΓT
1 Γ1 +

β

2
CTC + pTF. (4.18)

Using this notation, we write

J =

∫ 1

0

[

H − pT Ẍ
]

dt. (4.19)

Applying the principle of variation, we obtain the following set of Hamilton’s equa-

tions.

Ẍ =
∂H

∂p
= F ; p̈ =

∂H

∂X
−

d

dt

(

∂H

∂Ẋ

)

; Γ1 = −
1

α
p, (4.20)

where Γ1 is obtained by setting ∂H
∂Γ1

= 0 and the optimal control Γ is obtained from

(4.16) as

Γ = −
1

α
Gp. (4.21)

Remark IV:We would like to remark that the optimal control problem (4.15), (4.17)
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is scale invariant, in the sense that if G is scaled by a constant scale factor υ, the

dynamics (4.15) and the cost function (4.17) remain unaltered. Hence the relative

weights of control energy and tracking error in the cost function (4.17) does not

change, as well. The model can therefore be used for both, the eye and the head,

which differ from each other by a scale factor in G.

Remark V: In our experiments, the eye and head trajectories are measured but the

torque inputs are not measured. Via this simulation, we synthesize the control input

using our dynamic model, that closely tracks the measured trajectories.

4.4.2 Simulation II: Head and Eye are optimally controlled, eye reverse tracking

the head movement

As in Simulation I, we continue to assume that the dynamics of the head and eye

are given by (4.15). The cost function for the head is given by

JH =

∫ 1

0

α

2
ΓT
1 Γ1 + pT

(

F − Ẍ
)

+ λTD +
1

2
λ̇T ǫ λ̇ dt, (4.22)

and for the eye is given by

JE =

∫ 1

0

α

2
ΓT
1 Γ1 +

β

2
CTC + pT

(

F − Ẍ
)

dt, (4.23)

where Ẍ = F is the equations of motion (4.15), C = (A(t) − X) and A(t) is the

trajectory to track9. D(X) = 0 constrains the state X to stay on the Donders’ surface

[62], [22] and the parameter λ is the Lagrange multiplier. Finally, the parameter ǫ

decides on the level of smoothness of the Lagrange multiplier. The parameters for

the cost functions (4.22), (4.23) are chosen as follows: α = 2, ǫ = 2 × 10−8 (for the

head dynamics); α = 2, β = 20, 000 (for the eye dynamics). Although the choice of

the parameter α does not affect the head dynamics, the ratio of α and β affects the

eye dynamics and emphasizes the relative importance between the tracking error in

comparison to the magnitude of the torque.

The initial and final orientations of the head and eye are chosen as follows. For

9
See Remark I where A(t) has been calculated using ‘head trajectory’ and the ‘target position’.
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the head, the measured orientations at the end points are projected onto the Don-

ders’ surface. The projected end points are chosen as the boundary conditions for

our simulation. For the eye, the initial orientation coincides with the ‘straight gaze

direction’, i.e. the eye looking straight with respect to the head coordinates. The final

orientation of the eye satisfies Listing’s constraint with respect to the final orientation

of the head while gazing directly at the target. Boundary conditions are prescribed

by choosing the vector (X(0), Ẋ(0), X(1), Ẋ(1)).

The Hamiltonian [43] for the head is defined as

HH =
α

2
ΓT
1 Γ1 + pTF + λTD. (4.24)

Using this notation, we write

J =

∫ 1

0

[

HH − pT Ẍ +
1

2
λ̇T ǫ λ̇

]

dt. (4.25)

Applying the principle of variation, we obtain the following set of Hamilton’s equa-

tions.

Ẍ =
∂HH

∂p
= F ; p̈ =

∂HH

∂X
−

d

dt

(

∂HH

∂Ẋ

)

λ̈ = ǫ−1∂HH

∂λ
; Γ1 = −

1

α
p, (4.26)

where the optimal control Γ1 is obtained by setting ∂HH

∂Γ1
= 0. As before, the optimal

control Γ is obtained from (4.16) and is given by (4.21).

The Hamiltonian [43] for the eye is same as (4.18) and the corresponding Hamilton’s

equations are given by (4.20). Finally, the optimal control Γ is given by (4.21).

4.5 Tracking with Potential Control in Human Head and Eye

Instead of minimizing a cost function (4.17), (4.22), (4.23), we show in this section

that the head and the eye rotations can be controlled using a potential function and

an added damping term. The potential function is described (see [62]) as follows

V (θ, φ, α) = A (1− |ρ(θ, φ, α).ρ0|) (4.27)
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where A is a constant parameter, ρ0 is a fixed unit quaternion, and ρ(θ, φ, α).ρ0

represent the dot product of two vectors in IR4. It can be observed that the minima

occurs at ρ = ρ0 or ρ = −ρ0. Both of these minima correspond to a unique point on

SO(3) via the map ‘rot’ introduced in (4.3). The parameter ρ0 can be constant or

can vary in time.

A damping term is added externally using the generalized torque input Γ, the goal

of which is to dampen the movement so that it comes to a rest at the desired pointing

direction and orientation, described by ρ0. We consider a damping term described

by:

Γ1 = −c Ẋ, (4.28)

where c is an arbitrary constant. The obtained motion equation (4.12) is given by

Ẍ + (G−1Ġ + c) Ẋ −
1

2
G−1ẊT∇XG Ẋ +G−1∇XV = 0, (4.29)

which is of the form (4.15), where

Γ1 = −cẊ −G−1∇XV. (4.30)

The generalized torque vector Γ = GΓ1, where Γ1 is of the form (4.30), has already

been introduced in [62], and would be called ‘Potential Control’.

Remark VI: As already observed in Remark IV, we note that the motion equation

(4.29) remains unchanged when G and V are both scaled by a fixed scale factor.

Thus, the motion equation (4.29) can be used for both, the eye and the head, which

only differ from each other by a scale factor in G. The two systems can, therefore be

identically controlled by scaling V by the same scale factor.

4.5.1 Simulation III: Head and Eye are potentially controlled, eye reverse tracking

the head movement

The dynamics of the head and the eye are given by (4.29), where the chosen poten-

tial function is of the form (4.27). As in Simulation II, the goal of the head control

system is to drive the head from an initial orientation to a final orientation. How-

ever, as opposed to minimizing a cost function, the control drives the state towards
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smaller values of the potential function (4.27). We choose ρ0 to coincide with the

final orientation of the head.

The goal of the eye controller is to track a signal A(t), which was introduced in

Simulation II. It was described in Remark I that the tracking signal is derived from

the head movement trajectory and from the location of the target. In order to track

a signal A(t) using a potential function, we choose ρ0(t) = A(t) and the potential

function is given by

V (θ, φ, α, t) = A (1− |ρ(θ, φ, α).ρ0(t)|). (4.31)

It is easy to see that with the choice of the potential function (4.31), the orientation

of the eye tracks the given target signal A(t), provided that the constant A is chosen

sufficiently large. In our simulation the parameters for the head system are chosen

as A = 40, c = 12, and the parameters for the eye system are chosen as A = 500,

c = 26.

4.6 Simulation Details

In order to carry out the simulations, the recorded data displayed in Figs. 4.3a and

4.3b have to be split into trajectories. The raw data set consist of many head/eye

movements between 9 target points. In order to isolate trajectory segments from the

observed raw data, we proceed as follows.

4.6.1 Isolation of trajectory segments

The first step of the data analysis is to low-pass filter the data set to reduce the

sampling noise. Since the data has a sampling rate of 1024Hz, the low pass filter is

chosen to have a cut-off frequency of 10Hz (for the 6 dB point below the pass band

value) with a filter order of 1000. We now require to identify the initial and final

positions for the potential trajectory segments. This is done by considering both,

the eye and the head data. We start the trajectory segment from a position where

the eye is closest to gazing straight with respect to the head fixed coordinate system

and end at a position where the head shows maximum deviation from the straight

heading with no torsion with respect to the torso fixed coordinate system. In order to

achieve this while making sure that the trajectory segments chosen actually represent
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the required characteristics and not noise, the segmentation process starts at points

where the eye data crosses a certain deviation threshold, indicated by a rectangular

red box in Fig. 4.11, with respect to the head fixed coordinate system. The size of the

box depends on the data set and is manually determined. For each of the threshold

crossing time points, we move back in time on the eye data to arrive at the point where

the eye first shows a local minimum deviation with respect to the head. This point

represents the initial position for the eye trajectory segment and the corresponding

head position represent the initial position for the head trajectory segment. In order

to get the final position for the eye and the head, we start from the head position that

corresponds to the eye threshold crossing point and move forward in time on the head

data to arrive at the point where the head first shows a local maximum deviation with

respect to the torso. This point represents the final position for the head trajectory

segment and the corresponding eye position represents the final position for the eye

trajectory segment. The trajectory segments obtained this way for all the six data

sets are visually inspected to remove any trajectory segments that do not represent

the required characteristics but are still captured by the automated process.

4.6.2 Simulation Details to Solve the Two Point Boundary Value Problems

In order to solve the Two Point Boundary Value Problems of the kind introduced

in (4.20) and (4.26) we discretize the equations using Comsol-Multiphysics finite ele-

ment software [64], widely used in the computational community to solve both, initial

and boundary value problems. The software automatically generates Galerkin finite

element approximation [8] for a specific PDE equation, once the problem is entered

in its weak or strong formulation. The Comsol software facilitates the solution of

multi physics nonlinear coupled problem, where the Jacobian in the Newton itera-

tion scheme is evaluated through automatic differentiation [28]. The corresponding

linearized system is then solved using a direct or iterative solver.

The equation system (4.20) and (4.26) are discretized and solved as a boundary

value problem in time. The time domain [0, 1] has been treated as a line segment and

divided in 100 elements, and for each element we have chosen a quadratic Lagrange

finite element approximation. This corresponds to 201 degree of freedoms (dofs) to
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be solved for each equation, for a total of

N = (201)× number of equations

unknowns for each nonlinear iteration where the number of equations is 6 for all the

cases except for the head simulation using optimal control for which it is 7. The

resulting system is solved using a direct solver, since the total number of unknowns

N never exceeded 1407.

4.7 Results

Recorded data from 6 subjects have been used to plot the head and eye movement

trajectories, when the Head/Eye complex has the task of acquiring a point target fixed

in space with the eye starting from an initial primary position. The trajectories of the

head and eye are projected on the heading/gaze space and plotted in Fig. 4.4. The

trajectories are also plotted in Fig. 4.5 on the ‘rotational vector’ space. In general,

the eye trajectories are plotted with respect to, both, the fixed torso coordinates and

the moving head coordinates. From the eye trajectories in Fig. 4.4 we infer that the

effect of head movement is compensated by the back tracking movement of the eye.

Fig. 4.5 is less informative but shows that the effect of optimal and potential control

on the head trajectories, and to some extent on the eye trajectories, are surprisingly

close. The simulated trajectories are somewhat different from the actual trajectories

observed and there are possibly two reasons for this. The first is that the Donders’ and

Listing’s constraints are not tightly satisfied by the actual trajectory. This is evident

from Tables 4.1 and 4.2, where we observe that the eye can deviate from the Listing’s

constraint by up to 2 degrees. The second is that the parameters of the optimal and

potential controllers need ‘fine tuning’. Such an inverse optimal/potential control

problem has not been looked at, in this paper.

One of the key finding of this paper is evident in Figs. 4.6a and 4.6b, where the eye

trajectory is shown to track a computed trajectory (shown in black). Additionally

we illustrate the point that the eye tracking is achieved in an optimal control setting

by minimizing a cost function (4.23) and the ‘optimal eye trajectory’ is displayed in

Figs. 4.6c and 4.6d. The eye tracking is also achieved in a potential control setting

by choosing a potential function (4.31) and the ‘potential eye trajectory’ is displayed
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in Figs. 4.6e and 4.6f.

For each of the three simulations, the eye tracking error is plotted in Fig. 4.7. Error

is displayed in ‘blue’ by computing the angle between corresponding unit quaternion

vectors and in ‘red’ by computing the angle between unit gaze vectors. While looking

at this figure, one would ask the following two questions. How quickly does the

error plot go to zero? How stable is the error plot in the neighborhood of zero?

From Fig. 4.7c it is evident that the potential eye trajectory goes to zero ‘rapidly’

but it overshoots immediately. On the other hand, we observe from Fig. 4.7b that

the optimal eye trajectory goes to zero ‘relatively slow’. The tracking error for the

measured eye trajectory, displayed in Fig. 4.7a, show that the error goes to zero

‘rapidly’ as well, and is quite stable. Although, Fig. 4.7 displays the error plot for one

subject performing one manoeuvre, this picture has been generalized in Table 4.3 by

cumulating the data over all the manoeuvres. The table shows that for each of the

six subjects, the potential eye trajectory goes to zero ‘most rapidly’. The table also

introduces and displays a stability factor and claims that the optimal eye trajectory

is ‘most stable’, for each of the six subjects. The actual eye trajectories lie in between

the optimal and the potential.

Head trajectories were simulated and studied in [62] and Fig 4.8 describes how

rapidly does the head reaches its final end point. The figure displays surprising

similarity between the actual and the optimal trajectories in comparison to the actual

and potential trajectories.

Finally in Figs. 4.9, 4.10 and 4.12, the actual torque input to the head/eye complex

is compared with the simulated inputs by assuming, separately, that the optimal and

the potential control schemes are implemented.

4.8 Discussions

Recorded data shows that during the process of capturing a point target, fixed in

space, human head/eye coordinates their movements. In order to stabilize the image

on the retina, the eye has to backtrack the forward movement of the head. By con-

structing a dynamic model, we show in this paper that the backtracking movement of

the eye can be reconstructed essentially using two alternate forms of control strategy,

introduced earlier by the authors [22], [62] and [43], for eye and head movement prob-
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Table 4.3: This table cumulates the data in Fig. 4.7 over multiple subjects and manoeuvres.

The number α under ‘Envelope’ refers to the interval [0, α]. The six rows for each number under

‘Envelope’, correspond to the data collected from six different subjects, indexed from 1 to 6. The

number under ‘Time’ refers to the first time the error in Fig. 4.7 enters the corresponding envelope,

averaged over multiple manoeuvres. The number under the ‘Stability Factor’ is the area under

the ‘error curve’ in Fig. 4.7 in the interval [τ, 1] (averaged over the interval and over the multiple

manoeuvres), where τ is the corresponding ‘Time’ entry.

Envelope Actual Optimal Potential
Time Stability Factor Time Stability Factor Time Stability Factor

0.05 0.1835 0.0150 0.2339 0.0062 0.1503 0.0124
0.1390 0.0069 0.1024 0.0035 0.0614 0.0104
0.1760 0.0082 0.1449 0.0048 0.0886 0.0124
0.1196 0.0084 0.2344 0.0061 0.1496 0.0115
0.1627 0.0155 0.2340 0.0060 0.1470 0.0127
0.0939 0.0062 0.0933 0.0025 0.0617 0.0038

0.035 0.2310 0.0134 0.2532 0.0054 0.1613 0.0121
0.1667 0.0056 0.1181 0.0029 0.0700 0.0102
0.2040 0.0069 0.1689 0.0037 0.1023 0.0120
0.1319 0.0080 0.2574 0.0050 0.1615 0.0111
0.2183 0.0133 0.2570 0.0050 0.1593 0.0124
0.1222 0.0049 0.1017 0.0021 0.0661 0.0036

0.025 0.3406 0.0102 0.2677 0.0049 0.1703 0.0119
0.1824 0.0048 0.1357 0.0024 0.1119 0.0092
0.2414 0.0056 0.1874 0.0032 0.1143 0.0118
0.1496 0.0075 0.2763 0.0045 0.1719 0.0109
0.3237 0.0108 0.2747 0.0045 0.1690 0.0122
0.1344 0.0046 0.1094 0.0018 0.0700 0.0035

lems separately. Eye and head movement data from six subjects have been analyzed

in detail and the results are cumulated to derive conclusions reported in this paper.

Additionally, for the purpose of illustration, simulation results from one subject has

been displayed in various figures presented.

In Fig. 4.4, the head and the eye trajectories have been displayed after projecting

them onto the heading/gaze space. The actual and the simulated head/eye move-

ments clearly show that the eye backtracks the forward movement of the head. In

Fig. 4.5, the head and the eye trajectories are displayed on the ‘rotational vector’

space. This figure illustrates the point that, as a trajectory there is a surprising

80



Texas Tech University, Indika B. Wijayasinghe, August 2013

closeness between the simulated trajectories under the two different control strate-

gies. However, the simulated trajectories are far from the actual trajectory, indicating

the fact that the control strategies require ‘fine tuning’.

One of the main result of this paper is illustrated in Fig. 4.6. In the beginning

of the paper, we had conjectured that the eye has to track a computed signal (in

the head coordinate), based on the head movement and the location of the point

target. This is required, in order for the head and eye to satisfy respectively the

Donders’ and Listing’s constraints and for the image to be stabilized on the retina

once the eye captures the target. The display on Fig. 4.6b shows the validity of this

conjecture, by displaying the computed signal to be tracked (in black). The actual eye

movement trajectory (in blue) shows the tracking movement of the eye. In Figs. 4.6d

and 4.6f the tracking movements of the eye are displayed under optimal and potential

controls, respectively. The tracking errors are displayed in Fig. 4.7 and illustrates

the point that the actual tracking errors drop to zero faster than the error under

optimal control, and about the same time as the potential control. Unfortunately, the

error under potential control, overshoots and settles down ‘rather slowly’. The error

plots, between the current and the final head orientation, in Fig. 4.8 show surprising

similarity between actual and the optimal head movements. Under potential control,

the head moves rapidly in the beginning and slows down later, towards the end.

In Figs. 4.9 and 4.10, the torque vectors are plotted for the head and the eye

movements respectively. We compute the torques required for the actual head/eye

movements to follow the observed trajectories. We compute the torques required

when the head/eye has to follow the optimal control strategy and the potential con-

trol strategy. As expected, the potential control takes higher values compared to the

optimal control. For head movement control, closer to the end point, the potential

control tapers off to zero whereas the optimal control continues to maintain high val-

ues. The actual torque, reconstructed from the data, does not taper off to zero for

the head movement control, either. In this sense, the head movements are qualita-

tively similar to the optimal control strategy. All torques taper off to zero for the eye

movement but the torque profile for the optimal torque goes to zero slower in com-

parison to the actual torque and torque computed under potential control. Potential

control and the actual control, both taper off to zero around the same time for eye

81



Texas Tech University, Indika B. Wijayasinghe, August 2013

movements, even though the potential control start from a higher magnitude. In this

sense, the actual controls in eye movements are qualitatively similar to the controls

obtained under the potential control strategy.

From the cumulative data recorded in Fig. 4.12, we infer quite expectedly that the

optimal controllers correspond to control torques of least energy for every subject

cumulated over multiple manoeuvres. The potential control invariably has a higher

L2 norm, indicating perhaps the price one has to pay for a control strategy that is

simple to implement. The reconstructed actual control from simulation I, always has

an energy level substantially higher than the optimal control, indicating perhaps that

the human eye and the head controllers are far from optimal, in terms of the energy

of the control signal.

From Table 4.3 we observe that, by and large, the potential controller is quick to

capture the target. It is however unable to retain the target ‘stably’ and as a result

the ‘stability factor’10 is not that small. The optimal controller, on the other hand, is

relatively slow in capturing the target but has a small ‘stability factor’, indicating that

the target once captured is retained well. The actual eye movements fall somewhere

in between. For the parameters chosen in this paper, their ability to capture the

target is never faster than the potential controller, and the stability factor is always

higher than the optimal controller. It is interesting to note that in some cases, the

optimal controller captures the eye faster than the actual eye movement, and also

stabilizes the target better.

4.9 Conclusion

This paper extends our earlier study on head movement control problem [62] where,

either the head movements are actuated by a controller which minimizes a suitably

chosen cost function (optimal control) or the control signals drive the head towards a

path that reduces a suitably chosen potential function (potential control). We apply

the optimal and potential control strategies to both, the head and the eye movement

problems. An important distinction between potential and optimal control strategies

is that, potential controller drives the system-states rapidly in the beginning followed

by small changes towards the end. On the other hand, an optimal controller drives

10
A smaller stability factor indicates that the target is more stable.
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the system-states somewhat evenly throughout the entire time of actuation. A conse-

quence of this qualitative difference between a potential and an optimal controller is

that, the applied torques during potential control are large initially and taper off to

small values subsequently during actuation. On the other hand, the control torques

during optimal control maintain large values, most of the time, during entire period of

actuation. On the basis of the this criterion, we find that the actual head movement

has the qualitative features of an optimal head movement.

From the point of view of ‘how rapidly the tracking error goes to zero’ and ‘how

stable the target is, once it is acquired’, the actual eye movement falls somewhere in

between optimal and the potential control schemes discussed in this paper. Further

work is required to explain the tracking control strategy implemented by the ‘human

brain’ for the purpose of target acquisition and stability.
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(a) Both Eye and Head are closely follow-
ing a measured trajectory from a human
subject. Note that the actual eye trajec-
tory (blue curve) is surprisingly close to the
computed trajectory (black curve) that the
eye is expected to track.

(b) Both Eye and Head are closely follow-
ing a measured trajectory from a human
subject (closeup view of Fig. 4.6a).

(c) Eye backtracking while the head moves
optimally between initial and final point of a
measured trajectory from a human subject.

(d) Eye backtracking while the head moves
optimally between initial and final point of a
measured trajectory from a human subject
(closeup view of Fig. 4.6c).

(e) Eye backtracking while the head moves
potentially between initial and final point of
a measured trajectory from a human sub-
ject.

(f) Eye backtracking while the head moves
potentially between initial and final point of
a measured trajectory from a human sub-
ject (closeup view of Fig. 4.6e).

Figure 4.6: The head trajectories are not shown. The blue curves are the eye trajectories projected
on the gaze space. The black curve is the computed trajectory ξ(t) that the eye is expected to track,
computed based on the head trajectory and the target position.
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(a) Eye tracking error when head is following observed
trajectory from a human subject.
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(b) Eye tracking error when head is following optimal tra-
jectory on the Donders’ surface with constrained initial and
final points.
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(c) Eye tracking error when head is potentially controlled
towards a final point and is constrained by the Donders’
surface.

Figure 4.7: Eye tracking error, in torso coordinates, has been expressed as angles. Blue: Angle
between the eye quaternion and the target represented as a quaternion. Red: Angle between the
eye direction and the target direction.
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(a) Head is following observed trajectory from a human
subject.
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(b) Head is following optimal trajectory constrained by the
Donders’ surface with fixed initial and final conditions.
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(c) Head follows a path of decreasing potential function
towards a final point and is constrained by the Donders’
surface.

Figure 4.8: Head error between current and final position, in torso coordinates, has been expressed
as angles. Blue: Angle between the ‘Current Head Quaternion’ and the ‘Final Head Quaternion’.
Red: Angle between the ‘Current Head Direction’ and the ‘Final Head Direction’.
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(a) Head and Eye are following a measured trajec-
tory.
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(b) Head is following an optimal trajectory where
the end points are constrained and the Eye is back-
tracking the head.
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(c) Head is potentially controlled and the Eye is
backtracking the head.

Figure 4.9: The figure displays three components of the torque applied to the eye dynamics.
In Fig. 4.9a, the torque vector required for the eye dynamics to follow the observed trajectory is
displayed. In Figs. 4.9b, 4.9c the optimal and the potential torques are respectively displayed.
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(a) Head and Eye are following a measured trajec-
tory.
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(b) Head is following an optimal trajectory where
the end points are constrained and the Eye is back-
tracking the head..
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(c) Head is potentially controlled and the Eye is
backtracking the head.

Figure 4.10: The figure displays three components of the torque applied to the head dynamics.
In Fig. 4.10a, the torque vector required for the head dynamics to follow the observed trajectory is
displayed. In Figs. 4.10b, 4.10c the optimal and the potential torques are respectively displayed.
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Figure 4.11: The eye trajectory data from Fig. 4.3a projected on the (q̄1, q̄2) plane. The red box
indicates the threshold for the eye deviation from the straight gaze direction, required to extract
individual head/eye trajectories.
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(a) Cumulative RMS Cost of Eye Control.
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(b) Cumulative RMS Cost of Head Control.

Figure 4.12: RMS Cost of head and eye control cumulated over multiple manoeuvres. Each of the
six subjects are indexed from 1 to 6 in the x-axis. The ‘blue’ color is for the optimal control, ‘red’
color is for the actual control and the ‘green’ color is for the potential control.
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