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Abstract: The Eye Movement System is represented as Lagrange Dynamical System on the
List Manifold. We constructed Suboptimal controller which minimized quadratic type cost
functional without solving Hamilton Jacobi Bellman Equation based on Inverse Optimal Design
and compared designed controller with an local optimal controller derived from HJB equation.

1. INTRODUCTION

In Ghosh and Wijayasinghe [2012], Wijayasinghe et al. [to
be published], an eye moment system is described as the
Language Dynamical System on the List Manifold S2 and
its optimal control problem have been studied intensively
from the perspective of feed-forward control. Indeed, the
finite horizontal optimal control of the eye movement is
solved. On the other hand, a construction of optimal
feedback control law has been almost never done. The
difficulty of optimal feedback is caused to solve Hamilton
Jacobi Bellman PDE. In practice, one has no effective
method to solve it numerically and analytically for high
dimensional optimal control problems. Recently, designing
base approach for the optimal control problem, it’s called
Inverse Optimal Control Problem, has been established
(See Sepulchre et al. [1996]) . A main advantage of the
inverse optimal approach is that one can construct an
optimal input u(x) without solving HJB equation and it
can minimized a corresponding meaningful cost functional
which is made from a designing with an arbitrariness.
A main drawback is that it is hard to find a Control
Lyapunov function from which u(x) is made. In Lagrange
dynamical system, it has a useful property which is called
an Passivity (See Lozano et al. [2000]). Passivity signifi-
cantly plays important rules on the stability analysis and
construction of stabilizing controllers. Moreover, a Total
Energy function which characterizes the Passivity of the
System is a candidate of the control Lyapunov function.
In our research, we showed that an feedback law which
is obtained form Total Energy base control Lyapunov
function(See Ordaz-Oliver et al. [2009]) is stabilizing input
and minimized a cost index with specific type of nonlinear
penalty cost function. Finally, we compared our designed
optimal control law with an optimal control law coming
from HJB equation numerically.

⋆ This work was supported in part by the National Science Foun-
dation under Grant No. 1029178. Any opinions, findings and con-
clusions or recommendations expressed in this material are those of
the author and do not necessarily reflect the views of the National
Science Foundation.

2. BASIC NOTATIONS

2.1 Stability of the Dynamical System

This section gives some basic concepts of Stability of
the Dynamical System. We consider a time independent
nonlinear affine dynamical system defined on Ω ∈ Rn.

ẋ = f(x) + g(x)u (1)

with equilibrium f(x∗) = 0 in Ω where x ∈ Rn, f : Rn →
Rn, g : Rn → Rn×m are Lipschitz continuous on Ω, and
u : Rn → Rm is an input function. Basic stability of
equilibrium point x∗ of the system is following.

Definition 2.1. an equilibrium x∗ of the system is called
Lyapunov Stable if for any ϵ > 0, there exists delta > 0
such that if ∥x(t0)− x∗∥ < δ, then ∥x(t)− x∗∥ < ϵ for all
t ≥ t0.

Definition 2.2. an equilibrium x∗ of the system is called
Asymptotically Stable if x∗ is stable and ∥x(t)− x∗∥ → 0
as t → ∞.

3. DYNAMICAL SYSTEM ON THE LIST

3.1 Lagrangian Control System

We construct an eye movement system on the List man-
ifold S2(See Wijayasinghe et al. [to be published], Ghosh
and Wijayasinghe [2012], Polpitiya et al. [2007]) from
the perspective of Lagrangian Control System. Let q =
[θ, ϕ]T ∈ [−π, π] × (0, π) be a generalized coordinate on
S2 then Riemann Metric on the LIST S2 is given by

M(q) =

 sin2
ϕ

2
0

0
1

4

 (2)

From the Riemann Metric, we obtained a Kinematic
Energy KE as

KE (q, q̇) =
1

2
q̇TM(q)q̇

=
1

2
(θ̇)2sin2

ϕ

2
+

1

8
(ϕ̇)2 (3)
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Next, we introduce an Potential Function U(q) ∈ C2 : q →
R. We only assume that, for given q∗ ∈ S2, the Potential
satisfies conditions

U(q∗) = 0 and
∂U

∂q
(q) = 0 iff q = q∗, (4)

and there exists a constant Lq > 0 such that

Lq∥q∥2 ≤ U(q) (5)

By combining above equations, we define Lagrangian as

L(q, q̇) = KE(q, q̇)− U(q) (6)

Let u = [uθ uϕ]
T be an input function, then by Euler

Lagrangian Formula, we have Lagrange dynamical system

d

dt

(
∂L

∂q̇

)
− ∂L

∂q
= u. (7)

Eq (7) can be rewritten as the following formula.

Definition 3.1. (Simple Mechanical System). Lagrange equa-
tion (6) can be written as

M(q)q̈ + C(q, q̇)q̇ +
∂U

∂q
= u (8)

or, equivalently

d

dt

[
q
q̇

]
=

 q̇

M(q)−1

(
−C(q, q̇)q̇ − ∂U

∂q
+ u

) (9)

where Cij(q, q̇) =
∑2

k=1 Γijk q̇k and Γijk are called
Christoffel’s symbols associated with Riemann Metric
M(q) defined by

Γijk =
1

2

(
∂Mij

∂qk
+

∂Mik

∂qj
− ∂Mkj

∂qi

)
(10)

In (8), if set U(q) ≡ 0 and u ≡ 0, then the remaining
equation

M(q)q̈ + C(q, q̇)q̇ = 0 (11)

represents Geodesic Curves of the LIST S2{
θ̈ = −θ ϕ̇ cot

ϕ

2
ϕ̈ = (θ̇)2 sin ϕ

(12)

In general, a Geodesic Curve on a manifold M has no
equilibrium point on M. By adding, however, a Potential
function, destruct a structure of Geodesic.

Definition 3.2. (Eye Movement System). Define

x := [x1 x2 x3 x4]
T = [θ θ̇ ϕ ϕ̇]T be a state variable.

Then Lagrange Dynamical System (7) is rewritten as a
nonlinear affine form

ẋ= f(x) + g(x)u

=


x2

−x2 x4 cot
(x3

2

)
− csc2

(x3

2

) ∂U

∂x1
(x1, x3)

x4

x2
2 sin(x3)− 4

∂U

∂x3
(x1, x3)



+


0 0

csc2
(x3

2

)
0

0 0
0 4

[
u1

u2

]
(13)

defined on Ω = [−π, π]× [−π, π]× (0, π)× [−π, π].

In practice, we restrict our attention on a close sub domain
of Ω, such as Ω̃ = [−π, π]× [−π, π]× [δ, π−δ]× [−π, π]
for δ > 0, in order to avoid a singularity of the variable
x3 = ϕ.

3.2 Stability of Equilibrium

The system (13) has an equilibrium point x∗ ∈ Ω which
gives f(x∗) = 0. By (8), x∗ is determined by ∂U

∂q (q
∗) = 0

i.e
x∗ = [ θ∗ 0 ϕ∗ 0 ]T (14)

where θ∗ ∈ [−π, π] and ϕ∗ ∈ (0, π). Next, we are interested
in the Stability of Equilibrium of (13) with a Potential
U . If a choice of U imposes an asymptotic stability on an
equilibrium x∗, our control problem is achieved without an
external input u. By Lagrange Dirichlet Th (See Lozano
et al. [2000]), however, the equilibrium is either locally
Lyapunov stable or unstable. In fact, define the Total
Energy as

E(q, q̇) = KE (q, q̇) + U (q) (15)
and takes its time derivative along with the system trajec-
tories (7) with the external input u

d

dt
E
(
q(t), ˙q(t)

)
=

d

dt

{
q̇(t)T

∂L

∂q̇
− L(q(t), q̇(t))

}
= q̈T

∂L

∂q̇
+ q̇T

d

dt

(
∂L

∂q̇

)
− q̇T

∂L

∂q
− q̈T

∂L

∂q̇

= q̇Tu (16)

As u ≡ 0, the above equation implies that d
dtE(x(t)) = 0.

It shows that a level surface of the total energy E(q, q̇) =
E(x(t)) is invariant under the dynamics of (7) without the
external input i.e

E(x(t)) = E(x0) +

∫ t

t0

Ė (x(τ)) dτ = E(x0) (17)

Moreover, if a Hessian of U(q) satisfies

∂2U

∂q2
(q∗) > 0 (18)

then q∗ is a strict local minimum of U(q). So, the convexity
of the local minimum implies that

E(x(t, q∗)) ∩ E(x(t, q̄)) = ϕ for all t if q∗ ̸= q̄ (19)

The above equation is same as the definition local Lya-
punov stability of q∗.

3.3 Potential Function

In the previous subsection, we see that a choice of potential
function is independent of the asymptotic stability of an
equilibrium of (7). We used an quotation based potential
function introduced in Wijayasinghe et al. [to be pub-
lished].

Definition 3.3. (Quotation Based Potential). Define the po-
tential as follow

Uq(θ, ϕ) = γ(1− ⟨q(θ∗, ϕ∗), q(θ, ϕ)⟩) (20)

where γ > 0 is the magnitude of the Potential and
q : [−π, π] × (0, π

2 ) → S2 ⊂ R3 is called a quotation
mapping defined by

q = [ cos

(
ϕ

2

)
, sin

(
ϕ

2

)
cos(θ), sin

(
ϕ

2

)
sin(θ) ]T (21)
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By the construction Uq its zeros is given by Uq(θ
∗, ϕ∗) = 0.

The gradient and Hessian matrix of Uq is given by

∂

∂θ
Uq = γ sin

(
ϕ∗

2

)
sin

(
ϕ

2

)
sin(θ − θ∗). (22)

∂

∂θ
Uq

=
γ

4
{sin

(
ϕ+ ϕ∗

2

)
(1− cos(θ − θ∗))

+ sin

(
ϕ− ϕ∗

2

)
(1 + cos(θ − θ∗))} (23)

∂2Uq

∂q2
(θ, ϕ) =

 sin2
ϕ

2
0

0
1

4

 (24)

4. OPTIMAL CONTROL DESIGN

From previous section, we know that an asymptotic sta-
bility of an equilibrium q∗ of (7) or (13) with no external
input u cannot be achieved whatever a potential U is.
Hence, we need to add an additional feedback control law
to (7).

4.1 Optimal Control

Consider the dynamical system has a form (1) and we can
assume that an equilibrium of the system is x∗ = 0 w.r.t
by the shift x → x−x∗. We consider the Optimal Control
problem which is to find an stabilizing input u∗ of (1)
minimizing the cost index

J(x(0), u) =

∫ ∞

0

l(x(t)) + uTRu dt (25)

where the state penalty function l : Rn → R is positive
definite, monotonically increasing, and continuously differ-
entiable and R is positive define matrix R = diag{ri} ∈
Rm×m. The optimal stabilizing solution u∗ is given by the
following.

Theorem 1. (Hamilton Jacobi Bellman Equation). The so-
lution of the optimal control problem of the system (1)
with the cost index J(x0, u) is given by the positive definite
solution of the Hamilton Jacobi Bellman Equation

u∗(x) = −1

2
R−1gT (x)Vx(x) (26)

where V (x) is the solution of HJB

HJB(V, x) = V T
x f − 1

4
V T
x gR−1gTVx + l = 0 (27)

with boundary condition V (0) = 0.

4.2 Inverse Optimal Design

In direct approach, we need to solve HJB equation analyt-
ically or numerically, but this is not feasible task. Alterna-
tively, we used the Inverse Optimal Design to construct a
suboptimal stabilizing control law. In the inverse optimal

approach, first, a stabilizing feedback u is given, then to
be shown that a cost index

J =

∫ ∞

0

l(x) + uTR(x)u dτ (28)

for some peculiar functions l(x) ≥ 0 and R(x) > 0 is
minimized by u.

Definition 4.1. (Inverse Optimal Design). Let a function
V (x) : Rn → R be a positive semidefinite and define
the control u∗(x) := − 1

2R
−1(x)gVx. Then, u

∗ solves the
inverse optimal control of the system (1) if it satisfies

(1) it achieved (global) asymptotic stability of x = 0

(2) V̇ |u= 1
2u

∗ = V T
x f − 1

4V
T
x gR−1(x)gTVx ≤ 0.

Also, set l̃(x) := −V T
x f + 1

2V
T
x gu∗ ≥ 0 then V is the

solution of HJB equation

l̃ + V T
x f − 1

4
V T
x gR−1(x)gTVx = 0 (29)

We show the example of The Inverse Optimal Design.
Consider the system (13) with a potential U(x1, x3). Let
R(x) = I and set V (x) = E(x) i.e consider the Total
Energy as a candidate of Lyapunov function. Then, by
calculating,

V T
x f = x2Ux1 −

1

2
x2
2x4sin(x3)− x2Ux1 +

1

4
x2
2x4sin(x3)

+ x4Ux3 +
1

4
x2
2x4sin(x3)− x4Ux3

= 0 (30)

and
1

4
V T
x gR(x)−1gTVx =

1

4

(
csc4

(x3

2

)
V 2
x2

+ 16V 2
x4

)
=

1

4

(
csc4

(x3

2

)
KE2

x2
+ 16KE2

x4

)
=

1

4

(
x2
2 + x2

4

)
(31)

In the above equation (31), define l̃(x) = 1
4

(
x2
2 + x2

4

)
then

V (x) = E(x) is the solution of HJB. Next, we need to show
the stability of x∗ = 0 under the input u∗(x) = − 1

2g
TVx.

To see this, we prove that V is a Lyapunov function.
Taking the derivative along with the system trajectories
under the input u,

d

dt
V (x(t)) = V T

x f − 1

4
V T
x gR−1gTVx

= −1

4

(
x2
2 + x2

4

)
≤ 0 (32)

Let V̇ −1(0) := {x ∈ R4 |x2 = x4 = 0 }. The only

invariant set of the system in V̇ −1(0) is the equilibrium
x = 0. Hence, by the LaSalle Invariance Principle, x = 0 is
asymptotically stable. This consideration implies that the
Total Energy E(x) provide the optimal stabilizing input
which minimize the cost index with the standard type cost
penalty function l(x) = 1

4

(
x2
2 + x2

4

)
and R = I for any

choice of the Potential U(x1, x3).

5. CONSTRUCTION OF THE SUBOPTIMAL
CONTROL

In general, we have no systematic approach to design
the inverse optimal control for given a nonlinear system,
but, in the Lagrange system, one can find it by the
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existence of the Total Energy. In this section, we construct
a suboptimal control based on the Total Energy base
approach.

5.1 Control Lyapunov Function

Consider Lagrange System (7) whose kinetic matrix satis-
fies the non-degenerate condition

Lk∥q̇∥2 ≤ q̇TM(q)q̇ (33)

where Lk is a positive constant. Consider the candidate of
the control Lyapunov function has form

V (x) =
1

2
rE E2(x) +

1

2
xTAx (34)

where rE > 0 and A is a positive symmetric constant
matrix(See Ordaz-Oliver et al. [2009]). Define a notations

X := [x1 x3]
T and A :=

[
A11 A12

A21 A22

]
Then, the designed input function is constructed as follow

u∗ =− 1

2
R−1 M−1(X)

∂V

∂Ẋ

=− 1

2
R−1

{
rE E(x)Ẋ +M−1

(
A12X +A22Ẋ

)}
.

(35)

Our inverse optimal design is that for given an equilibrium
point x∗ = (z1, 0, z3, 0)

T , specifics matrices components
of A such that the close loop system ẋ = f + gu∗ is
asymptotically stable and a corresponding state penalty
should be meaningful. First, we shows that u∗ a stabilizing
input.

Proposition 2. If rE > 0, and A12 and A22 are positive
diagonalize matrix, then (35) are (locally) stabilizing input
of (7).

Proof 5.1. First, consider an input u = A12X + A22Ẋ =
A12q +A22q̇. Define a modified Total Energy as

Ẽ = E(q, q̇) +
1

2
qTA12 q (36)

Then Ẽ has the same local minimum as E. Consider the
derivative of the Ẽ. By the Euler Lagrange formula (7)
and the relation (16),

d

dt
E = q̇T (−A12q −A22q̇)

d

dt

(
1

2
qTA12q

)
= q̇TA12q

It shows the negativity semidefinite of the derivative

d

dt
Ẽ = −q̇TA22q̇ ≤ 0 (37)

So, by the LaSalle Invariance Principle, x = 0 is locally
asymptotically stable. Construct a new input as

u = rE E(q, q̇)M(q)q̇ +A12q +A22q̇ (38)

If set rE = 0, then the new input is the previous one. Since
E and M is positive definite, u can keep an passivity of
the system

E(x(t))− E(x(0)) ≤ −
∫ t

0

q̇T (A22 + E(q, q̇)M(q)) q̇ dt.

(39)

So, it is also stabilizing input of the system. Substitute u
into (9) then we have the result.

5.2 Construction State Penalty Function

We construct a state penalty function l̃ from (34). By (29),

G(x) =
1

4
V T
x gR−1gTVx

=uTR−1u

=
1

4
R−1

∥∥∥M−1A12X +
(
rE E(x) I +M−1A22

)
Ẋ
∥∥∥2
(40)

and

P (x) =V T
x f

= rE E ET
x f +

1

2

d

dt

(
xTAx

)
= [XT ẊT ]A [ẊT ẌT ]. (41)

Then

l̃(x) = G(x)− P (x). (42)

The positivity of l̃ guarantee a stability of the origin x = 0.
We have following proposition.

Proposition 3. There exist some positive symmetric ma-
trix A in (34) such that l̃(x) = G(x) − P (x) is positive
semidefinite.

Proof 5.2. G(x) is clearly positive semidefinite because of
its construction. Let α = minσ(A). By (5) and (33),

0 ≤ max{Lk, Lp}∥x∥ ≤ E(x). (43)

By the passive inequality (39), E(x(t)) monotonically
decrease under the input u∗ defined by (35). If set 2α ≤
max{Lk, Lp},then

1

2
xT (t)Ax(t) ≤ E(x(t)) (44)

and it decreases monotonically i.e P (x) = 1
2

d
dtx

TAx ≤ 0.

Hence, l̃ ≥ 0.

By prop 3, l̃(x) is a meaningful cost penalty function
because its positive semidefinite and it fulfills with the
requirement of the inverse optimal design.
Next, we show a example of l̃ for the system (13). For
given an equilibrium point x∗ = (z1, 0, z3, 0)

T , consider
the shift operation x1 → x1 + z1 and x1 → x3 + z3. Then
the equilibrium moves to x∗ = 0 and the kinetic matrix is

M(x) =

 sin2
(
x3 + z3

2

)
0

0
1

4

 . (45)

Set the sub-matrix of A as follow

A11 = diag{k1, k2}

A12 =A21 = diag{sin2
(z3
2

)
,
1

4
}

A22 = diag{k3 sin2
(z3
2

)
,
k4
4
} (46)

where ki are positive constants such that A is positive
definite. One can see that G(x) is nonlinear quadratic cost

function for X and Ẋ, but it is difficult to describe a shape
of P (x) because it includes the term Ẍ = q̈. Consider

a shape of l̃(x) around x = 0. Since P (x) = O(∥x∥2),
P (x) ≈ 0 as x is closed to the origin. Since limx→0E(x) = 0
and
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limx3→0 sin
2(
z3
2
) csc2

(
x3 + z3

2

)
= 1,

G(x) ≈ diag{1, 1, k3, k4}. (47)

It implies that the suboptimal control u∗ close to the
optimal control which is derived from HJB equation as
the state x is in near equilibrium enough.

6. NUMERAL SIMULATION

7. CONCLUSION

It will be provided in the final version.
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