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Sufficient Conditions for Generic Simultaneous r-tuple of plants is not simultaneously pole assignable ¥ m + p.
Pole Assignment and Stabilization of Linear MIMO In this paper, we would therefore ask the following question.
Dynamical Systems Question 1.1:Is it true that a generie-tuple ofp x m plants is

simultaneously pole assignable if
B. K. Ghosh and X. A. Wang
max(m, p) < r < m+p?

Abstract—it has been shown that a generie-tuple of m input p output One of the main results (Theorem 4.2) of this paper partially answers

dynamical systems is simultaneously stabilizable (pole assignable)if < . ; : o Kaffi S
m + p and the McMillian degrees of the systems are not too different. This Question 1.1, i.e., the answer to Question 1.1 is “affirmative” if there

result improves the currently known upper bound: » < max(m, p)on aréat leastin(m, p) systems whose McMillian .degrees.a!re not “too

the number of plants. In the caser < max(m, p), an upper bound on different” (please refer to Theorem 4.2 for precise condition). In par-

the degree of the simultaneous pole assigning compensator has also beeticular, the answer to Question 1.1 is “affirmativetifin (n:, p) plants

derived, which improves the bound obtained by Ghosh and Byrnes in 1983. have the same degree. We also derive an upper bound on the degree of
Index Terms—bependent compensator, dynamic compensator, generic, the simultaneous pole assigning compensator in Theorem 4.2.

pole assignment, simultaneous stabilization. We also give a new sufficient condition

|. INTRODUCTION q+ QmJ + 1) (max(m, p) — 1)
The problem of simultaneous stabilization consists of answering the r / "
following question. > Z {W;)J (1.2)
Given anr-tupleGy(s), - -+, G,(s) of p x m proper transfer func- =1 - P
tions, does there exist a compensaldfs) such that the closed-loop . .
. forthe case < , p) (Theorem 4.1), wherke | is the largestin-
systemss, (s)(I+ K (5)Gi(s))" ', i = 1, ---, r areinternally stable? < max(m, p) ( ), whergr | i gest!

t?sger less than or equaltoNote in particular that whemin(m, p) =

Likewise the problem of simultaneous pole assignment consi S(1.1) reduces to

of finding a compensatof{(s) of degreeq, if possible, such that

the closed-loop characteristic polynomials of each of the systems r
Gi(s)YI+K(s)Gi(s))",i=1, ..., r ofdegreenr;, i =1, ---, r, g(max(m, p) + 1 —r) + max(m, p) —r > Z n; (1.2)
respectively, are precisely a setsofa priori chosen polynomials of =1

degreen; + ¢, i =1, ---, r, respectively.

B o ~which is precisely the inequality obtained in [4]. On the other hand
The problc_ems of generic simultaneous stabilization and pole asSiQfhen; = max(m, »), the smallest degree of the compensator which
ment was originally considered by Saeks and Murray [10] for a pair Qfyyitaneously pole assignsax(im. p) plants generically is given by
single-input/single-output plants. For a suitable topology on the space
of p x m proper transfer functions we refer to Hazewinkel and Kalman r n;
[16], Clark [14], Byrnes and Hurt [15]. For a topology on théuple of Z { J
=1

5 min(m, p)
plants, we consider the product topology. In 1980, Saeks and Murray

[10] show that a generic pair of single-input/single-output plants is N@fich should be compared with the smallest degre, n; obtained

simultaneously stablizable (hence not simultaneously pole assignali)rlﬁh]. Thus our resultimproves the result derived by Ghosh and Byrnes
by a dynamic compensator. Motivated by the negative result of [1%] in the case whem < max(m, p).

Vidyasagar and Viswanadham [11] considered the problem of simul-
taneous stabilization for the case wheax(m, p) > 1 and showed
(in 1981) that a generic pair @fx m plants is simultaneously stabliz-
able ifmax(m, p) > 1. Both [10] and [11] were published in the year For convenience we propose to use the behavioral framework of
1982, at which point it was unclear if a generituple of plants would linear systems in this paper. Two kinds of representations for an
be simultaneously stablizablerif> 2. In 1983, Ghosh and Byrnes [4] m-input, p-output system are used.
showed that could be chosen as large @asx(m, p). In fact, it was Kernel Representation(which is called autoregressive representa-
shown in [4] that a generic-tuple ofp x m plants is simultaneously tion in [12])
pole assignable (hence stablizabley iK max(m, p). Furthermore,
if min(m, p) = 1, it was shown [4] that < max(m, p) is necessary P <i) w(t) =0
and sufficient for generic simultaneous pole assignment and generic si- d
multaneous stabilization. An open question since 1983 has been to
certain if a generie-tuple ofp x m plants is simultaneously stablizable | : A .

! . mage Representation(which is called moving average represen-
or pole assignable whaniu(m, p) > 1 and whern > max(m, p). tation in [13])
Of course it is a trivial dimension counting argument that a generic

Il. SIMULTANEOUS POLE ASSIGNMENTMAP

\iRereP(s) is ap x (m + p) full rank polynomial matrix.

[ d
w(t) =Q <—) v(t)
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the polynomial matrix are relative prime and sum of the row degreesdefined by
(column degrees) is equal to its McMillan degree.
The relation between the kernel and image representations is the fol- X(Q) =(x1(Q)s -+, x»(Q))
lowing: If ap x (m + p) matrix P(s) is minimal, there exists [3] a = (det Pi(s5)Q(s), ---, det P-(5)Q(s)) (2.1)
unigque (up to column equivalence) + p) x m minimal polynomial
matrix Q(s) such that where a polynomiako + a1s + - - - + axs® is identified with a point
(a0, ai, -+, ax) € R*,
P(s)Q(s) = 0. Sincey is homogeneous in the coefficients®@f x is onto if we can
) ) ) show that a small open ball of the origin is containeg;{tM ).

Thenw(t) = Q(d/dt)u(t) is the image representation of the system pefinition 2.2: A compensator)(s) is called a simultaneous de-

P(d/dt)w(t) = 0, where pendent compensator &f (s), - - -, P.(s) if
v(t) =P <:l—l;) w(t) det P;(s)Q(s) =0, i=1,---, 1.

Theorem 2.3: The simultaneous pole assignment mafs onto if

for anym x (m 4+ p) polynomial matrixP; (s) such that i .
there is a simultaneous dependent compensatef € M, such that

{ P(s) } the Jacobian
Bls) dxg: Tg — RMEHmtrats
is unimodular.
If an input—output system is given in frequency domain by of x atQ(s) is onto.
Proof: x maps a small neighborhood@fonto a small neighbor-
§(s) = G(s)i(s) hood of 0 by the inverse function theorem. Sincés homogeneous,
the wholeR"1 T T +74+" i5 contained in the image. [

let Theorem 2.4: The Jacobiadx , is given by

G(s) = D 'Nu(s) = No(s)D7 ' (s) dxo(X(5)) = (tr(Ri ()X (s)), - -, tr(Rp(5)X (5)))

be left and right coprime factorizations of the transfer function, then

kernel and image representations of the system are given, respectivvé’R/?re
by Ri(s) = adj(P:(5)Q(s)) Pi(s).
(d d u(t) L
Ni{—=—),-D | — =0 The proof is similar to the proof of [9, Th. 3.10]
dt dt y(t)
and I1l. EXISTANCE OF SIMULTANEOUS DEPENDENTCOMPENSATORS
. <i> In order to use Theorem 2.3, one needs first to find a simultaneous
a(t)] dt () dependent compensator. In this section we give some results con-
y(t)y | . (d v, cerning the existence of simultaneous dependent compensators and
N, <E) their degrees, and introduce systematic ways to find a simultaneous
R o dependent compensator.
wherei(s) = D, (s)i(s). First let us make a simple dimension count. The space of all com-
Letr systems be given by pensators of degree at mgstas dimensiog(m + p) +mp, and there
d aren; +- - -+ n, +rq closed-loop poles. So a necessary condition for
P; <E> w(t) =0, i=1,---, 71 arbitrary simultaneous pole assignment is
where eachP;(s) is ap x (m + p) full rank polynomial matrix of g(m +p)+mpZni+-+n +rg.

McMillan degreen;, and let the compensator be given by From this fact we have the following

d ) ) Proposition 3.1: If mp < ny +- - -+n,, then a necessary condition
v

w(t) =0Q <E for arbitrary simultaneous pole assignment by dynamic compensator is

for an(m + p) x p full rank polynomial matrixQ(s) of McMillan r<m-+p-—1
degree;. Then the closed-loop systems become
which is also a necessary condition for the simultaneous pole
P <i> Q <i> o(t) = 0, P assignability of the generic-tuple of systems.

AN dt ’ o In fact, we are going to show that the conditior. m + p — 1 also
uarantees the existence of a simultaneous dependent compensator.
Theorem 3.2:If » < max(m, p), then a simultaneous dependent

compensator of degree at mgsexists wherey is the smallest integer

If det P;(s)Q(s) is a nonzero polynomial, then it is the closed Iooy:g
characteristic polynomial of the system.
Let.M, be the set of allm+p) x m polynomial matrices whose sum

of the column degrees is less than or equal.tdhen every dynamic satisfying
compensator of degree at mgstas an image representation/in, . q
Definition 2.1: For r-tuple systemdi(s), - -+, P.(s), the simul- q QMJ + 1) (max(m, p) — )

taneous pole assignment map -
n;
> E — . 3.1
X My — Rt tnetrotr = Lnin('m, p)J 3.1)
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Proof: Without loss of generality we assume< mn (otherwise By Theorem 3.2, a simultaneous dependent compensator of degree 3
consider image representation of the system and kernel representagiaats. To find it, we pick a row of the smaller degree from each of the

of the compensator). P, and P,
Let P;(s) be minimal andy; (s) be the row ofP; (s) with the smallest ) N
row degree. We would then hadeg «;(s) < |n./p]. ap=[l—s+s 1+2s —1-s 1+25+25]
Let{51(s), - -+, Bm+p—r(s)} be a minimal basis of the dual space as=[-1+2s -1 2—-s5 —1+25]

(see [3] for definition) of ] o )
and find a minimal basis of the dual space gpan a:)™*
a(s) =[ar(s)", -+, an(s)!]" —6— 165 1478 4 44705 — 1992s*
o o1 | 1-26s —5349 — 4875+ 5905°
Q=D ml=1 4 —62645 — 19925°
5+ 8s 3871 — 58135 + 9965>

and arrange the order such that

deg F1(s) < deg f2(s) < -+ < Bmgpr(s): Then it is a simultaneous dependent compensator. One can check that

) . . the linear map
Recall that we have the inequality + p — » > p. Let us now define

Q(s) = [B1(s), -~ -, Bp(s)]. Itfollows thatdet Pi(s)Q(s) =0, i = Ay o (X (5) = (tr(adj(PL Q)P X). tr(adj( P.Q) P2 X))
1, ---, r because eacR;(s)Q(s) has a zero row.

Now we show that the sum of the column degree§d$ less than is onto, whereX (s) are polynomial matrices of column degrees at most
or equal ta;. We haveleg 8, +- - -+deg Bmipr < deg a1 +---+ (1, 2); therefore, the systems are simultaneously pole assignable with
deg a, and they are equal if and only if the polynomial matigs) is @ single dynamic compensator of degree 3.

minimal [3]. Utilizing the condition of the, we have Next we consider the casesoK m +p — 1.
Theorem 3.5:If min(m, p) < r < m+p—1, then a simultaneous

deg Bi 4+ + deg Pongpor < deg a1 + -+ + deg ar dependent compensator of degree at most

71 Ty 4
S \‘]TJ + T + \‘?J min(m, 77) M + . B (Z )+1 I-nj/ Inin(”n‘ p)J
. J=min(m, p
SQ+<\‘%J+1> (m—r). 1= Z m+p—r

If deg $1 + -+ + deg 3, > ¢ then we haveleg 3, > |q¢/p] + 1,

which implies thatleg 3; > +1,foralli > p, and exists. _ _
P es i 2 la/v tor Proof: Without loss of generality, we can assume< m. Let
) / Pi(s), ---, P-(s) be minimal.
deg f1 + -+ deg fugp—r Let a;(s) be the row ofP;(s) with the smallest degreé,= p +
= (deg 1+ -+ deg 8,) 1, .-, r. Thendeg «;(s) < [n:/p]. Let3:(s) be a column vector of
+ (deg Bpy1 + -+ + deg Bmip_r) the smallest degree of the dual space of
>q+ <\‘2J + 1) (m—7) [Pi(s)", oppa(5)", oo, an(s)']"
p
fori = 1, .-+, p. Then
a contradiction. | ;
As one can see, the proof only uses the conditiod m not the v .
conditionp < m. Therefore we also proved the following result. mt (Z . s/ min(m, p)]
Theorem 3.3:1f » < min(m, p), then a simultaneous dependent deg 3:(s) < = ’P+ —
compensator of degree at masexists wherey is the smallest integer mrp—
satisfying one of the inequalities (3.1) and
Let @ = [3i(s), -+, Bpn(s)] (replace any linearly dependent vector
q+ <{$J -|—1) (min(m, p)—r) with arbitrary vector in dual space span{apyi, ---, a,}). Then
max(m, p)
" n; - i
z — . 3.2 ) n; + nj/ min(m, p
2% ) o2 T
= deg Q(s) < Y '

m p—-r
The estimate of; from (3.2) is sometimes smaller than that from =t o
(3.1). For example, ip = 3,m = 4,r = 2,ny = ny = 7, the
smallesty satisfying (3.2) is 1, but the smallegsatisfying (3.1) is 2. andQ(s) is a simultaneous dependent compensator. -

The proof also gives a systematic way to construct a simultaneouixamme 3.6: Consider 2-input 2-output systems
dependent compensator wherd max(m, p).

Example 3.4: Consider the 2-input 2-output systems P = {—1 +s -5 1 2s }

2+ 5 l1—-s5s s —1+s

P = |:2.5’+52—s3 24 5° 57— 50 25—5‘2+83:| P:|:—1—s 1+s 2 2s :|
' 1—s+s 1425 —1—s5 1+2s+2s° ? -1-s -5 2—-s5 1-s
P2:|:—s+s2 —14 25+ s> 14 254 252 2+252:|' PS:|:1—5—82 1457 —1-—5° —1+252:|.
—-1+4+2s -1 2—s —1+2s s 14 2s 2—5 —s
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By Theorem 3.5, a simultaneous dependent compensator of degree Bheroem 4.2:If max(m, p) < r < m + p and (relabel the plants

exists. Let
az=[s 1+2s 2—s5 —3s]
be the last row of%. Then
—-1+s —5 1 25 +
row span 2+ s 1-—s s -1+ s
s 1425 2—5 —5
1— 25+ 4s% +25°
| 24 1ds — 8P — 487
TP 55 857 — 357
14s — 3s®
and
-1—-s5 14s 2 25 +
rowspan | —1 —s —5 2—5 1—s
s 14+2s 2—35 -5
—3s5 — 1557 + 65"
| 2435+ 115% — 457
= sban 1—10s% — 753
—2—6s— s +5s°
Therefore

—3s5— 1552 4+ 65°
—24 35+ 1152 — 44°
1—10s% = 7s°

—2 — 65 — 52 + 5s°

1—2s+ 452 +2s°

—2 4 14s — s — 45°

1—-5s—8s% = 3s°
14s — 3s°

Q=

is a simultaneous dependent compensator. For §uitte linear map

dxqQ(X(s))
= (tr(adj(PQ)PLX), - -+, tr(adj( Q) Py X))

is onto, whereX (s) are polynomial matrices of column degrees at most [2]
(3, 3), and therefore the systems are simultaneously pole assignable b[g]

a single compensator of degree 6.

One can easily construct a simultaneously pole assigning compen-

sator using the Newton’s method for amyuple of systems satisfying
the condition of Theorem 2.3 (see [9]).

IV. SIMULTANEOUS POLE ASSIGNMENT FORGENERIC SYSTEMS

In this section we give estimates on the degree of the simultaneousg)

pole assigning compensator for a genertaple of systemsin the cases
r < max(m, p) andr < m + p, respectively. It is not too difficult to
show that the set of all simultaneous pole assignattigles is Zariski
open, so if one can show that it is nonempty, then suttiples are
generic. The proofs involve construction of one sueluple systems,

and estimate the degrees of the pole assighing compensator. Because
of the restriction on the length of the paper, we omit the proofs here.[°]

Interested readers can refer to [8].

Theorem 4.1:1f r < max(m, p), then a generic-tuple ofp x m
proper plants of degree;, i« = 1, ---, r, respectively, can be pole
assigned by a compensator of degree less than or equahttereq is
the smallest integer satisfying

q+ <\‘#J + 1) (max(m, p) —r)
min(m, p)

- 7
> —_ .
- Zl Lnin(m, p)J

(4.1)

if necessary)

nj+ N n+ N
m-4+p-—r m+p—r
1 <j <1< min(m, p)

[

then a genericr-tuple of p x m proper plants of degree
ni, 1 1, ---, r, respectively, can be pole assigned by a com-
pensator of degree less than or equal to

| |l

(4.2)

where

T

>

i=min(m, p)+1

N = 1t

min(m, p)

n, + N

m=+p-—r

min(m, p)
g= {

=1

V. CONCLUSION

To conclude, this paper completely settles an important open ques-
tion on generic simultaneous stabilization and pole assignment—how
many plants can be generically pole assigned and therefore stabilized?
It is shown that the number of plants has to be strictly less thap p
provided that the degrees of the plants mogtoo differentIn each of
the cases when thetuple is generically pole assignable, it is pole as-
signable by a compensator of apriori bounded degree. Estimates of
the bound on the degree has been provided in this paper for two separate
casesy < max(m, p) andr < m + p and these estimates improve
known results in the literature.
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via Modeling Error Compensation rameters of the system;(t),1 < 4 < n, andb(t), are continuously
) ) differentiable. The parameters may not be known and may drift arbi-
José Alvarez-Ramirez and Rodolfo Suarez trarily fast, but the values of the parameters and their first time-deriva-

tives are bounded for atl > 0

Abstract—The aim of this paper is to show that modeling error com- min s )
pensation techniques [1] can be extended for the case of single-input/single- @; — < ai(t) < a;"*, |da;(t)/dt] < i, 1<i<n
oqtputmlnlmum-phase, linear time-varying systems whose parameters can 0 < p™in <B(E) < B, |db(t)/dt| < 5. )
drift arbitrarily fast.

Index Terms—Modeling error compensation, time-varying parameters, Suppose that all we know abokit) is an upper bound™*.
SISO. The control objective is to find a continuous-feedback controller
to guarantee closed-loop asymptotic stability, while the controller re-
|. INTRODUCTION quires only input and output measurements.
It must be pointed out that, for the sake of simplicity in exposition,
In a recent work, Suret al. [1] proposed & new robust controller, o paye restricted ourselves to the class of systems described by (1).
design method for single-input/single-output (SISO) minimum-phasg,; 4qding a series of integrators at the input channel, it is not hard to

linear systems. The design approach consists of a modeling error cffyan the results in this work to the class of minimum-phase systems
pensator (MEC). The central idea is to compensate the error due to Uasidered in 5]

certainty by determining the modeling error via plant input and output

signals and use this information in the design. In addition to a nom-

inal feedback, another feedback loop is introduced using the modeling

error and this feedback action is explicitly proportional to the para- - 1

metric error which is the source of uncertainty. where the PDQB(s. ¢) = bug1 ()™ + b (8)s™ 7 + - 4 ba(1),
Most of the work on robust adaptive stabilization for lineaf” < n — 1is exponentially Stfible W,'th rate no longer than for

time-varying (LTV) systems has been focused in plants withomeys > 0 (see [5]), and the index: is constant and exactly known.

small-in-the-mean parameter variations [2]-[4]. Moreover, in most

cases bounded-input/bounded-state stability results are obtained. Ill. MAIN RESULTS

Thus, the need arises of finding a better alternative for controlling

plants .Wlth fast time-varying parameters [5].' tions, we propose an MEC controller structure [1]. A nominal design
In this paper we show that the MEC tech_nlque prqposed byeSain is used as a primary design. An additional feedback loop is introduced

[1] can be extended to the case of linear time-varying (LTV) systen}%. improve the robustness of the nominal design.

The new element in this paper is an idea to achieve robust control VIg o () = diy/dt'. By takingz; = y0~V,1 < i < n, we can

high-gain observer alone without explicit design ofhigh-gainfeedbacljé res:ent the piant ) as ’ o=

Instead of designing a robust state feedback to dominate the uncertafr)1

term, the uncertain term is viewed as an extra state that is estimated

using a high-gain observer. The estimation of the uncertain term gives N

the control system some degree of adaptivity. The proposed MEC con- iy = — Z an(t)zx + b(t)u

k=1

A(s. Dly(D] = Bls. H[u(®)]

To achieve our control objective in the presence of parameter varia-

Ty =Xit1, 1<i<n—-1

troller has several advantages over traditional adaptive schemes. The
Yy =. 3)
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