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Abstract
Perspective dynamical systems arise in machine vision, in which only perspective observation is available. This paper proposes and
studies a Luenberger-type nonlinear observer for perspective time-invariant linear systems. Assuming a given perspective time-invariant
linear system to be Lyapunov stable and to satisfy some sort of detectability condition, it is shown that the estimation error converges
exponentially to zero. Finally, some simple numerical examples are presented to illustrate the result obtained.
? 2003 Elsevier Ltd. All rights reserved.
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1. Introduction
The essential problem in dynamic machine vision is how
to determine the position of a moving rigid body and/or any
unknown parameters characterizing the motion and shape
of the body from knowledge of the associated optical :ow,
and perspective dynamical systems arise in mathematically
describing such dynamic machine vision problems. Perspective dynamical systems have been studied in a number
of approaches in the framework of systems theory (see, e.g.,
Abdursul, Inaba, & Ghosh, 2001; Ghosh & Loucks, 1995;
Ghosh, Jankovic, & Wu, 1994; Ghosh, Inaba, & Takahashi,
2000; Dayawansa, Ghosh, Martin, & Wang, 1993; Inaba,
Yoshida, Abdursul, & Ghosh, 2000; Matveev, Hu, Frezza, &
Rehbinder, 2000; Soatto, Frezza, & Perona, 1996; Jankovic
& Ghosh, 1995; Ghosh & Rosenthal, 1995). One of interesting approaches discussed in the recent papers is to formulate
such a problem by introducing a notion of implicit systems
in order to take into account the constraints intrinsically
involved in dynamic machine vision (Matveev et al., 2000;

Soatto et al., 1996). In particular, Matveev et al. (2000).
studied an observer to estimate the unknown state of such an
implicit system. Their work turns out to be closely related
to the present work, and this relationship will be explained
later.
First, following our previous work Abdursul et al., 2001,
we introduce a perspective time-invariant linear system
considered in this study as follows:
y(t) = h(Cx(t));
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(1)

n

n

where x(t) ∈ R is the state, v(t) ∈ R the external input, y(t) ∈ Rm the perspective observation of the state
x(t); A ∈ Rn×n ; C ∈ R(m+1)n are matrices with m ¡ n and
rank C = m + 1, and Gnally h : Rm+1 → Rm is a nonlinear
function that produces the perspective observation and has
the form

T
1
m
h( ) :=
···
;
m+1 = 0;
m+1

=[
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x(0) = x0 ∈ Rn ;

ẋ(t) = Ax(t) + v(t);

1

···

m

m+1

m+1 ]

T

∈ Rm+1

(2)

It is easily seen that a typical three-dimensional vision
problem considered in the previous works (e.g., Abdursul
et al., 2001; Ghosh & Loucks, 1995; Ghosh et al., 1994;
Ghosh et al., 2000; Dayawansa et al., 1993; Inaba et al.,
2000; Matveev et al., 2000; Soatto et al., 1996; Jankovic
& Ghosh, 1995) can be described as a special case of the
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perspective linear system (1). In fact, since in such a vision
problem the perspective observation is given essentially in
the form
y = [y1

y2 ]T = [x1 =x3

x2 =x3 ]T ;

where x = [x1 x2 x3 ]T represents the coordinate of a
feature point in question, one can set n = 3; m = 2 and C = I3
(the identity matrix) to describe the perspective observation
in the form y = h(Cx) as in (1).
Now, we brie:y explain the relationship between our
perspective system of form (1) and an implicit system introduced in Matveev et al. (2000). The implicit system is
described in the following form:
˙(t) = A (t);

(0) =

0

∈ Rn ;

B(y(t)) (t) = p(t);

(3)

n

m

l×n

a continuous
where (t) ∈ R is the state, B : R → R
mapping, p(t) ∈ Rl a known function and Gnally y(t) ∈ Rm
an implicitly measured output that is determined from (t) so
as to satisfy the equation B(y(t)) (t)=p(t). Then it is shown
in Matveev et al. (2000) that under suitable assumptions on
(3) it is possible to design a Luenberger-type observer of
the following form:
d ˆ(t)
= A ˆ(t) − P −1 B(y(t)) ∗ [B(y(t)) ˆ(t) − p(t)]
(4)
dt
such that the estimation error (t) − ˆ(t) converges exponentially to zero, where P is a suitably chosen matrix. Further it is shown that a system of form (1) can be transformed into an implicit system of form (3) by the coordinate
transformation
 t
(t) = x(t) −
eA(t−s) v(s) ds
(5)
0

and by setting l:=m and
B(y) := [ − I

y]C;
 t
eA(t−s) v(s) ds:
p(t) := −B(y(t))
0

(6)

The purpose of the present paper is to investigate a
Luenberger-type observer for system (1) without converting it to an implicit system of form (3). The advantage of
this observer over the one in Matveev et al. (2000) is obvious since the former does not require the trasformation (5)
that involves the integration of the input v(s) (0 6 s 6 t).
This integration may cause diNculty in implementation, in
particular, for the case that the input v(t) is given in a state
feedback form in which the integration must be performed
in real time.
The present paper is organized as follows: First in Section 2, a nonlinear observer of the Luenberger-type for system (1) is proposed with some preliminary results and the
main theorem is stated. Then in Section 3 the main theorem
is proved. More precisely, it is shown that, under suitable
assumptions on system (1), including that it is Lyapunov

stable and satisGes some sort of detectability condition, the
estimation error converges exponentially to zero. In Section 4,
two simple numerical examples are presented to illustrate the
proposed nonlinear observer and its convergence property.
The numerical results show that the observer works well.
Finally, Section 5 gives some concluding remarks.
2. Luenberger-type nonlinear observers
In this section, we propose a Luenberger-type observer
for a perspective linear system of form (1), and present our
main theorem.
First, notice that, denoting an estimate of the state x(t) by
x̂(t), a full-order state observer for system (1) generally has
the form
d
(7)
x̂(t) = ’(x̂(t); v(t); y(t)); x̂(0) = x̂0 ∈ Rn
dt
and satisGes the condition that whenever x̂(0) = x(0) the
solution x̂(t) of (7) coincides completely with the solution
x(t) of system (1) for any v(·). Therefore, under the condition that (7) has a unique solution, it is possible to assume
that the function ’(x̂; v; y) has the form
’(x̂; v; y) = Ax̂ + v + r(x̂; y);
where r(x̂; y) is any suNciently smooth function satisfying
the condition r(x; h(Cx)) = 0 for all x ∈ Rn . Among many
functions r(x̂; y) satisfying this condition, it would be wise
to choose a function, which is reasonably simple, but has
suNcient freedom to adjust its characteristics. As such a
function, it is possible to choose
r(x̂; y) = K(y; x̂)[y − h(C x̂)];
where K(y; x̂) is any suNciently smooth function. Hence, it
is possible to consider an observer of the Luenberger-type
given as
d
x̂(t) = Ax̂(t) + v(t) + K(y(t); x̂(t))[y(t) − h(C x̂(t))];
dt
x̂(0) = x̂0 ∈ Rn ;

(8)
m

where K(y; x̂) is a suitable matrix-valued function K : R ×
Rn → Rn×m , called an observer gain matrix.
The next important step is how to choose a gain matrix
K(y; x̂) in (8). To do so, Grst letting
=[

1

···

m

ˆ = [ ˆ1 · · · ˆm
C = [C1T · · · CmT

m+1 ]

T

:= Cx;

ˆm+1 ]T := C x̂;
T
Cm+1
]T ∈ R(m+1)×n

and using system (1) and (2), one can easily obtain
y − h(C x̂)
= h(Cx) − h(C x̂)

ˆ1
1
=
−
···
ˆm+1
m+1

m
m+1

−

ˆm

ˆm+1

T
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Cm+1 x̂ 
 ..

0
=

0

···

0

1

···

0

..
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.
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.

0

···

1

−y1



C1 (x − x̂)







−y2 
  C2 (x − x̂) 



..
..  



.
. 

Cm+1 (x − x̂)
−ym

1
B(y)C;
Cm+1 x̂

(9)

where B(y) is the matrix-valued function given by
B(y) := [Im

− y] ∈ Rm(m+1)

(10)

and  ∈ Rn is the estimation error vector deGned by
 := x − x̂:

(11)

Now, using (1) and (8) together with (9),
1
d
(t) = A −
K(y(t); x̂(t))B(y(t))C
dt
Cm+1 x̂(t)
× (t);

(12)

where (t0 ) = x(0) − x̂(0) ∈ Rn . To eliminate the singularity
in (12), let us choose a gain matrix K(y; x̂) of the form
K(y; x̂) := Cm+1 x̂ P −1 C ∗ B∗ (y);

(13)
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point of machine vision.
(i) Condition (i) is imposed to ensure that if v(t) ≡ 0
then the motion of a moving body takes place within
a bounded space.
(ii) Condition (ii) is imposed to ensure that the motion is
smooth enough and takes place inside a conical region
centered at the camera to produce a continuous and
bounded measurement y(t) on the image plane.
(iii) Condition (iii) is imposed to ensure some sort of detectability for the perspective system (1). In fact, inequality (15) implies that (C; A) is a detectable pair
and the external input v(t) must not be identically zero.
These facts are veriGed in Proposition 2.3.
The following proposition gives some system theoretical
implications of Assumption 2.1(iii).
Proposition 2.3. Assume that system (1) is Lyapunov stable, let A0 denote the critically stable part (i.e., the part
corresponding to 0 (A)) of A and set C0 := CE0 . If Assumption 2.1(iii) is satis5ed, then the following statements
hold true:
(i) (C; A) is a detectable pair, that is, the critically stable
part (C0 ; A0 ) of (C; A) is observable.
(ii) The external input v(t) is never identically zero.

where P ∈ Rn×n is an appropriately chosen matrix, which is
considered to be a free parameter for the gain matrix.
Next, we make various assumptions on system (1), which
seem to be necessary and/or reasonable from the viewpoint
of machine vision.

Proof. To prove (i), Grst recall that the pair (C; A) being
detectable is equivalent to its critically stable part (C0 ; A0 )
being observable. Therefore, it suNces to show that (15)
implies,

Assumption 2.1. System (1) is assumed to satisfy the following conditions:

M :=



y(·) ∈ C m [0; ∞) ∩ Lm
∞ [0; ∞):

(14)

(iii) Express the set (A) of all eigenvalues of A as (A) =
− (A)∪0 (A) where − (A) and 0 (A) indicate the sets
of eigenvalues with strictly negative real part and zero
real part, respectively. Let, W− ; W0 ⊂ C n denote the
generalized eigenspaces corresponding to − (A) and
0 (A), respectively, and choose a basis matrix E0 =
[ 1 · · · r ] for W0 where r := dim W0 . Then, there
exist T ¿ 0 and  ¿ 0 such that
 T
∗
E0∗ eA C ∗ B∗ (y(t + ))
0

× B(y(t + ))CeA E0 d ¿ Ir ;

∀t ¿ 0:

(15)

Remark 2.2. All the conditions given in Assumption 2.1
are necessary and/or reasonable requirements from the view-

0



(i) System (1) is Lyapunov stable.
(ii) The observation vector y(t) is a continuous and
bounded function of t, that is,

=

T

T

0

∗

E0∗ eA C ∗ CeA E0 d
∗

eA0 C0∗ C0 eA0 d ¿ 0 Ir

(16)

for some 0 ¿ 0. To show this, Grst note that
CeAt E0 = CE0 eA0 t = C0 eA0 t

(17)

from which the second equality in (16) follows. In order
to show the last inequality in (16), it suNces to verify that
M is strictly positive-deGnite. To do so, we show that if M
is not strictly positive-deGnite then (15) is not satisGed. So
assume that M is not strictly positive-deGnite. Then, there
exists a nonzero vector ∈ C r such that


T

0

∗ A∗
0

e

C0∗ C0 eA0


d =

0

T

C0 eA0 2 d = 0;

which leads to
C0 eA0

≡ 0 ∈ C m+1 :

(18)
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Therefore, it follows from (17) and (18) that
 T
∗ ∗ A∗
E0 e C ∗ B∗ (y(t + ))B(y(t + ))CeA E0 d
0


=

0

T

B(y(t + ))C0 eA0 2 d = 0;

showing that (15) is not satisGed.
Next, to prove (ii), Grst consider the critically stable subsystem of (1) given by
d
(0) = 0 ∈ C r ;
(t) = A0 (t);
d
"(t) = h(C0 (t));

(19)

where 0 represents the critically stable initial vector corresponding to the initial state x0 ∈ Rn of system (1). Noticing
that the critically stable state is given by (t) = eA0 t 0 , partition the vector C0 (t) as follows:


#̂(t)
A0 t
C0 (t) = C0 e
∈ C m+1 ; #̂(t) ∈ C m :
0=
#m+1 (t)
Then, since "(t) = h(C0 (t)) = #̂(t)=#m+1 (t), using (17) and
B(y) = [Im − y] given by (10), one obtains
 T
∗
Q( (t)) :=
(t)E0∗ eA C ∗ B∗ (y(t + ))
0

× B(y(t + ))CeA E0 (t) d
 T
=
B(y(t + ))C0 (t + )2 d
0


=

0


=

T

0

T

#̂(t + ) − #m+1 (t + )y(t + )2 d
|#m+1 (t + )|2 "(t + ) − y(t + )2 d :

Now, consider the measurement y(t) in system (1) with
v(t) ≡ 0 and x0 = 0 such that 0 = 0. First, note that
 (t) =  0  = 0 for all t ¿ 0 and |#m+1 (t + )| is bounded
because all the eigenvalues of A0 are purely imaginary. Further note that y(t) converges to the measurement "(t) in
the critically stable subsystem (19) because the contribution
from the stable subsystem of (1) to y(t) approaches zero.
Therefore, Q( (t)) → 0 (t → ∞), and hence for a suNciently large t ¿ 0, one obtains
 T
Q( (t)) =
|#m+1 (t + )|2 "(t + ) − y(t + )2 d
0

2

2

6  (t) =  0  ;
which implies that if v(t) ≡ 0 (15) is never satisGed.
Inequality (15) requires that not only the pair (C; A) is
detectable, but also that v(t) must not be identically zero.
It is worthwhile to mention that the present authors (Inaba
et al., 2000) have already shown that for a very simple perspective linear system the condition that v(t) is not identically zero is necessary for observability. Further, it should

be recalled that, for a general linear system with system matrix A and output matrix C, the detectability is completely
determined by the pair (C; A), and completely independent
of the input v(t) and initial state x(0). On the other hand,
for a general nonlinear system the detectability is generally
dependent on the input and initial state or equivalently the
trajectory generated by the input and initial state. Therefore
in order to check the detectability of a nonlinear system it is
inevitable to verify a similar condition like (15) along the
trajectory, but such veriGcation may not be an easy task, as
seen in verifying if inequality (15) is satisGed for a given
trajectory x(t). In fact there seems to be impossible to develop a reasonably ease and practical method for checking
inequality (15).
Before stating our main theorem, the following lemma is
proved.
Lemma 2.4. Let A ∈ C n×n be a Lyapunov stable matrix,
and consider the linear system of di7erential equations
ẋ(t) = Ax(t);

x(0) = x0 ∈ C n :

(20)

Further, use the same notations as in Assumption 2.1(iii)
and let %− : C n → W− ; %0 : C n → W0 denote the matrix
representations of the projection operators along W0 ; W− ,
respectively.
Then, for any a ¿ 0 the matrix inequality
∗
PA + A∗ P 6 − a%−
%−

(21)

has a positive-de5nite Hermitian solution P ∈ C n×n .
Proof. First, note that the Lyapunov stability of A implies
that each ' ∈ 0 (A) has a unity multiplicity. Now, consider
the generalized eigenspaces W− ; W0 , and their basis matrices
E− ∈ C n×q ; E0 ∈ C n(n−q) where q := dim W− , and set E :=
[E− E0 ] ∈ C n×n . Then, the matrix A is decomposed by a
similarity transformation E into a direct sum of a stable
sub-matrix A− and a critically stable sub-matrix A0 in the
new basis E, that is, one obtains


0
A−
−1
Â := E AE =
; A− ∈ C q×q ;
0
A0
A0 ∈ C (n−q)×(n−q) :

(22)

Further, since all the column vectors of E0 belong to W0 ,
the projection matrix %− is transformed to
%̂− := %− E = %− [E− E0 ] = [%− E− 0] ∈ C n×n :

(23)

Now, it is easy to see that inequality (21) is equivalent
to P̂ Â + Â∗ P̂ 6 − a%̂∗− %̂− with P̂ := E ∗ PE. In fact, (21) is
equivalent to the following matrix inequality:


  ∗


P − Pz
A−
A−
P − Pz
0
0
+
0
A0
0
A∗0
Pz∗ P0
Pz∗ P0
 ∗ ∗

E− %− %− E− 0
6−a
(24)
0
0
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which is easily reduced to


P− A− + A∗− P− Pz A0 + A∗− Pz
Pz∗ A− + A∗0 Pz∗
P0 A0 + A∗− P0
 ∗ ∗

E − %− % − E − 0
6−a
:
0
0

3. Proof of Theorem 2.5
Because its proof requires quite lengthy and cumbersome
technical arguments, Grst two important lemmas will be
proved in the following subsection.
(25)

∗ ∗
%− %− E− is positive-deGnite and HermiSince Q− := aE−
tian, the (1; 1)th inequality in (25), i.e.,

P− A− + A∗− P− 6 − Q−
∗
has a solution P− = P−
¿ 0 because, since A− is stable, at
least equation P− A− + A∗− P− = −Q− gives such a solution.
Further, the (2; 2)th inequality P0 A0 + A∗0 P0 6 0 has also a
solution P0 =P0∗ ¿ 0 because A0 is Lyapunov stable. Finally,
the (1; 2)th and (2; 1)th inequalities are satisGed with Pz = 0.
Therefore (24) has a positive-deGnite Hermitian solution
P̂ = diag{P− ; P0 }, and hence (21) has a positive-deGnite
Hermitian solution P = (E −1 )∗ P̂E −1 . This completes the
proof.

3.1. Preliminaries
First of all, we deduce several important facts from the
given assumptions. Using the notations in Theorem 2.5,
deGne
− (t) := %− (t);

Theorem 2.5 (Nonlinear observers). Assume that system
(1) satis5es Assumption 2.1 and consider a nonlinear
observer of the Luenberger-type (8), that is,
d
x̂(t) = Ax̂(t) + v(t) + K(y(t); x̂(t))[y(t) − h(C x̂(t))];
dt
(26)

K(y; x̂) := Cm+1 x̂ P −1 C ∗ B∗ (y)

(27)

and B(y) is given by (10). Further, let %− : C n →
W− ; %0 : C n → W0 denote the matrix representations of
the projection operators along W0 ; W− , respectively, and
P ∈ Rn×n be a symmetric positive de5nite matrix satisfying
the Lyapunov inequality
∗
A∗ P + PA 6 − a%−
%− ;

(t) = − (t) + 0 (t)

(0) ∈ Rn :

0

0



62

0

∞



+2

− (t)2 dt
∞

0

(29)

∗ (t)P(t) 6 ∗ (0)P(0); t ¿ 0
 t
a
− (s)2 ds 6 ∗ (0)P(0); ∀t ¿ 0
0

2

t

0

B(y(s))C(s)2 ds 6 ∗ (0)P(0);

∀t ¿ 0:

(34)

Proof. Using (29), (28) and (31), one can easily obtain
d
((t)∗ P(t)) = (t)∗ (A∗ P + PA)(t)
dt
−2∗ (t)C ∗ B∗ (y(t))B(y(t))C(t)
6 −a− (t)2 − 2B(y(t))C(t)2


∗

0 6  (t)P(t) 6  (0)P(0) − a

−2

0

t

0

t

− (s)2 ds

B(y(s))C(s)2 ds

which leads to the desired inequalities.
Before proving the next lemma, we note that it easily
follows using (10) and Assumption 2.1(ii) that
t¿0

(30)

(33)

Lemma 3.1. The following inequalities hold true:

B(y(·))∞ = sup [Im

(t) := x(t) − x̂(t)
∀t ¿ 0:

0 (t)2 dt:

Further the following lemma is easily proved.

∗

(ii) (t) converges exponentially to zero, that is, there
exist * ¿ 0; + ¿ 0 such that
6 +e−*t (0);

(32)

and hence, for any t ¿ 0,

(i) The estimation error (t) := x(t) − x̂(t) satis5es the
di7erential equation
d
(t) = [A − P −1 C ∗ B∗ (y(t))B(y(t))C](t);
dt

(31)

which easily leads to the inequality
 ∞
 ∞
2
(t) dt =
− (t) + 0 (t)2 dt

(28)

where a ¿ 0 is a constant.
Then, the following statements hold:

∀t ¿ 0:

Then since C = W− ⊕ W0 one has



where the gain matrix is given by (13), that is,

0 (t) := %0 (t);

n

Now, it is ready to state our main theorem. However,
since its proof requires a number of lengthy and cumbersome
technical arguments, the proof is given in the next section.

x̂(0) = x̂0 ∈ Rn ;

485

which is used in the squel.

− y(t)] 6 1 + y(·)∞

(35)
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Lemma 3.2. Consider the solution (t) of (29) and
− (t); 0 (t) de5ned in (31).

=

(i) There exists a constant ,− ¿ 0, independent of (0),
such that
 ∞
− (t)2 dt 6 ,− (0)2 :

1
6


where ,− ¿ 0 is independent of (0).
Next statement (ii) is proved. First, notice that the generalized eigenspace W0 is A-invariant, so that %0 A(t) =
A%0 (t) = A0 (t). Using this fact and (29), one obtains
0 (t) = %0 (t)
˙ = A0 (t) − -(t);

(36)

where
-(t) := %0 P −1 C ∗ B∗ (y(t))B(y(t))C(t) ∈ Ln2 [0; ∞)

(37)

and the fact -(t) ∈ Ln2 [0; ∞) follows from (35) and the third
inequality in Lemma 3.1. So the solution of (36) is represented as
 t+
0 (t + ) = eA 0 (t) −
eA(t+ −) -() d;
t

∀t; ¿ 0:

(38)

Now, consider the basis matrix E0 = [ 1 · · · r ] for W0
given in Assumption 2.1(iii) and its generalized inverse matrix E0† := (E0∗ E0 )−1 E0∗ ∈ C r×n . Then, since any x ∈ W0 is
uniquely represented as x = E0 for some ∈ C r , it follows
that
E0 E0† x = E0 (E0∗ E0 )−1 E0∗ E0 = x;

E0 E0† 0 (t) = 0 (t);

0

6 E0 2


0

∞


Q1 :=

∞

0


Q2 :=

∞

0


dt

T

0


dt



∞

0


dt

t


=

t+T





0

T

0
t+





B(y(t + ))C 0 (t + )

2 


−)
-() d  d  dt


eA(t+

t

2
(Q1 + Q2 );


(39)

T

0

B(y(t + ))C0 (t + )2 d ;



B(y(t + ))C


t+

t

e

A(t+ −)

2

-()d
 d :

f( ) d



t0 +T

t0


=


f( ) dt d +

t



t+T

f( )( − t) d +

t0



¿T

=T



t+T

f( ) d + T

t0
∞

t0

∞

t0 +T
∞

t0 +T
∞

t0 +T


−T

f( ) dt d

f( )( − + T ) d

f( ) d

f( ) d :

(40)

Now, to evaluate Q1 , noticing from (34) that
 ∞
2
B(y(s))C(s)2 ds 6 ∗ (0)P(0)
0

6 P(0)2

(41)

and using (40), (32), (41), (35) and Lemma 3.2(i), one
obtains
Q1 =



∞

dt

0



6T

∞

0


(E0  = 1)

∞

Next, Q1 and Q2 are evaluated. Before doing so, an
inequality is shown for later usages. Consider a function
f(t) ∈ L2 (R), and let t0 ∈ R and T ¿ 0. Then



E0† 0 (t)2 dt



∗0 (t)E0†∗ (Ir )E0† 0 (t) dt

where

∀t ¿ 0;

which together with Assumption 2.1(iii) and (38) leads to
 ∞
 ∞
0 (t)2 dt =
E0 E0† 0 (t)2 dt
t0

6

∀x ∈ W0 :

Therefore, recalling 0 (t) ∈ W0 , the above equality implies

∞

0

+

(ii) There exists a constant ,0 ¿ 0, independent of (0),
such that
 ∞
0 (t)2 dt 6 ,0 (t0 )2 :
Proof. Statement (i) is a direct consequence of the second
inequality in Lemma 3.1. In fact, since P ∗ =P ¿ 0 and hence
∗ (0)P(0) 6 P (0)2 , one easily obtains the desired
inequality
 ∞
P
(0)2 =: ,− (0)2 ;
− (t)2 dt 6
a
0





0

0

1


6 2T

0

0

T

B(y(t + ))C0 (t + )2 d

B(y(t))C0 (t)2 dt

∞

B(y(t))C(t)2 dt
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+ 2T

∞

there exists some , ¿ 0, independent of (0), such that the
solution (t) of (29) satisGes
 ∞
(t)2 dt 6 ,(0)2 :

B(y(t))C− (t)2 dt

0

6 T {P + 2(1 + y(·)∞ )2 C2 ,− }(0) 2
=: ,01 (0)2 ;

(42)

where ,01 ¿ 0 is a constant, independent of (0).
Next, to evaluate Q2 , Grst note that, since by Assumption
2.1(i) A is Lyapunov stable, there is a constant b ¿ 0 such
that eAt  6 b ¡ ∞ for all t ¿ 0. Using this fact, one can
proceed to evaluating
 ∞  T
Q2 =
B(y(t + ))C
0

0


×

t+

t

eA(t+

2 

−)
-() d
dt
 d

6 (1 + y(·)∞ )2 C2
 ∞  T  t+


×
eA(t+

0

0

−)

t

∞

×

0


6K

T

t+

0
∞

0

t


dt

t

t+T

-() d

d

dt

dt

0

-() d;

6 2(,− + ,0 )(0) =: ,(0)2 ;
where , ¿ 0 is a constant, independent of (0). This completes the proof of Theorem 2.4 (ii).



0

0



−sin(2%t)


;
cos(2%t)
v(t) = 2% 


0

Moreover, using (40) and (37), and further using the fact
%us  = 1 and (41), the above expression for Q2 can be
further reduced to
 ∞
Q2 6 KT
-(t)2 dt
0

KT (1 + y(·)∞ )2 C ∗ 2 P −1 2 P(0)2

=: ,02 (0)2 ;

0

2

1
2

K := (1 + y(·)∞ )2 C2 b2 T 2 :

1
2

0

Example 1. We consider a very simple perspective linear
system of the form (1) with the following data:




0
1 −1
1 0 1






0 
A=
 −1 0
; C = 0 1 1

where

6

But this task is straightforward by using Lemmas 3.2. In
fact, it follows from (33) and Lemmas 3.2 that
 ∞
 ∞
 ∞
(t)2 dt 6 2
− (t)2 dt + 2
0 (t)2 dt

In this section, two simple numerical examples are presented to illustrate the nonlinear observer obtained in the
previous sections.





2

0

4. Computer simulations

2

-() d
 d

6 (1 + y(·)∞ )2 C2 b2
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(43)

where ,02 ¿ 0 is a constant, independent of (0).
Finally, substituting (42) and (43) into (39), one obtains
the desired inequality
 ∞
2
0 (t)2 dt 6 (,01 + ,02 )(0)2 =: ,0 (0)2 :

0
This completes the proof of Lemma 3.2.
3.2. Proof of Theorem 2.5(ii)
The statement (i) in Theorem 2.5 directly follows from
(12) and (13). Therefore, only the statement (ii) will be
proved. To prove Theorem 2.5(ii), it suNces to establish
by virtue of Lemma 5.1.2 in (Curtain & Zwart, 1995) that

0

0 1
 
1
 

x(0) = 
1:
2

Then, the perspective observation y(t) is given in the form

T
x1 (t) + x3 (t) x2 (t) + x3 (t)
y(t) =
;
x3 (t)
x3 (t)
and it is not very diNcult to check that
(i) A is Lyapunov stable. In fact, − (A) = 1 and 0 (A) =
{0; i; −i} and hence W0 = C n ; W− = {0} with %− = 0
and %0 = I3 .
(ii) (C; A) is observable, and hence it is detectable, and
(iii) All the other conditions except Assumption 2.1(iii) are
satisGed.
Further the data used for our nonlinear observer x̂(t) of the
form (26), (27) are given by
x̂0 = [2

2

3]T ;

P −1 = diag{8:2; 8:2; 8:2} = 8:2I3 ;

where the free parameter P is computed so as to satisfy the
Lyapunov inequality (28), which, in this example, can be
set as A∗ P + PA = 0.
The time evolutions of each component of the estimation
error (t) = x(t) − x̂(t) are shown in Fig. 1. The results seem
to show that the proposed nonlinear observer works well.
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via the CCD camera whose optical axis rotated by - radian
form "-axis as shown in the Ggure.
Now, assuming that an external force u(t) = q sin !t is
applied to the mass m1 and introducing the state variables
x1 :=

1;

x2 := ˙1 ; x3 :=

2;

x4 := ˙2 ;

x5 := "1 = "2 ≡ "c ;
the perspective linear system is easily described as
x(0) = xQ ∈ R5

ẋ(t) = Ax(t) + v(t);
y(t) = h(Cx(t));
where


Fig. 1. Estimation error (t).

0

1

0

0 0





k1
 k 1 + k2

−
0
0 0


m
m
1
1




0
0
0
1 0;
A=




k2
k2

0 −
0 0


m2
m2



C=

0

0

0

0 0

0

0

cos -

0

−sin -

0

0

sin -

0

cos -

y = h(Cx) =







v(t) = 





0








u(t);
0 


0 


k1
m1

0


;

x3 cos - − x5 sin :
x3 sin - + x5 cos -

Then it is not diNcult to check that all the conditions in
Assumption 2.1 except inequality (15) are satisGed, and that
∗
%− = 0
A is Lyapunov stable with − (A) = 1 and hence %−
so that the Lyapunov inequality (28) becomes
∗
%− = 0:
A∗ P + PA 6 − a%−

Next, the numerical values for simulation are set as
follows: For the perspective system,
m1 = 2; m2 = 1; k1 = 2; k2 = 1; - = 0:5[rad];
Fig. 2. A two-degree-of-freedom system.

! = 1[rad]; q = 1;
x(0) = [0:1

Finally, we should mention that although inequality (15)
was not checked in advance, but the fact that the estimation
error converges to zero in the computer simulation seems
to imply that system (1) is detectable along the trajectory
generated by the given input and initial state.
Example 2. The second example we consider is a two
degree-of-freedom system, consisting of two masses m1 ; m2
and two springs with the constants k1 ; k2 connected as
shown in Fig. 2. The position vectors of masses m1 ; m2 are
represented by [ 1 "1 ]T ; [ 2 "2 ]T , respectively. Assume
that the motion takes place only in the -direction with
"1 = "2 ≡ "c , and only the motion of mass m2 is observed

0:2

0:3

0:1

0:5]T

and for the observer,
x̂(0) = [5
P −1


1:1665

5


 −0:0000


=
 −0:6905

 0:0000

0

5

5

5]T

−0:0000

−0:6905

0:0000

0

2:0950

−0:0000

−1:8571

0

−0:0000

1:6425

−0:0000

0

−1:8571

−0:0000

2:3330

0

0

0

0

0:2562






;
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tion error converges exponentially to zero. Further, to illustrate eRectiveness of the proposed observer, some computer
simulations using two simple examples were performed,
and the results seem to indicate that the proposed nonlinear
observer works well.
There are several future problems to be studied. First,
although it is obvious that Assumption 2.1(iii) is a suNcient
condition for system (1) to be detectable along the trajectory,
it may exist a weaker condition than Assumption 2.1(iii)
for its detectability. This should be examined as a future
problem. Another important problem to be studied is the
sensitivity of the proposed observer to noisy observation.
The sensitivity is clearly related to a free parameter P ¿ 0
to determine an observer gain matrix of (27). Finally, an
extension of the present work to time-varying systems is
also an interesting problem to be studied.
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