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Decoding the Speed and Motion Direction of
Moving Targets using a Turtle Retinal Patch Model
Mervyn P. B. Ekanayake, Bijoy K. Ghosh, Fellow, IEEE, and Philip Ulinski

Abstract—Using a model patch of the turtle retina, we show
that it is possible to decode the motion direction and speed of
a point target moving in the visual space of a turtle, using
the spatiotemporal response of a retinal patch. Turtle retina
primarily contains two kinds of cells that are functionally
different – the intensity sensitive A cells and the motion direction
sensitive B cells. The cells are clustered primarily in the vicinity
of a visual streak and in this paper we analyze the decodability
of a circular patch located near the center of the streak. The
patch is subjected to a moving point target, as input, that passes
through its center along various different angles and speed. The
first problem considered is to detect the motion direction of a
point target assuming that its speed is known. In the second
problem, we assume that both the speed and the motion directions
are unknown. The problem considered is to estimate the speed
and use this information to detect the motion direction. The two
problems are handled using, primarily, the following two methods
– one using principal component analysis of the neural signals
viewed as a spatio-temporal response of the patch and the other
using a suitable pooling process where a selected set of neural
responses, over a ‘subpatch,’ are pooled. Counting rate of the
pooled process is used for the purpose of decoding. An important
conclusion of this paper is to show that – The B Cells outperform
the A Cells in detecting target motion direction particularly when
the target speed is a priori unknown.
Index Terms—visual streak, retinal patch, principal components, pooled point processes, direction sensitive cells.

I. I NTRODUCTION
HIS paper continues our ongoing study of modeling
the visual pathway of freshwater turtles. Earlier we had
already shown (see [1], [2], [3], [4], [5]) that visual inputs
produce waves that propagate across the visual cortex of
freshwater turtles and visual information is encoded in the
cortical waves. In all of our prior models, the visual input
was directly incident on the lateral geniculate, completely
bypassing the retina. The purpose of this paper is to add a
model of the retinal cell to the pathway and to study how
retinal signals encode a moving point target incident on a small
retinal patch. The target is moving with a constant, possibly
unknown, velocity along directions that are spread across the
entire 360◦ .
Turtle Retinal ganglion cells have an excitatory center and
inhibitory surrounding (“ON” type), inhibitory center and
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excitatory surrounding (“OFF” type) or the “ON-OFF” type
which has an excitatory center, an inhibitory annulus followed
by an outermost excitatory surrounding (e.g. see [6]). Some
of the turtle retinal cells are sensitive to the direction of the
optical flow of an image sequence, (e.g. [7], [8]). These cells
are called, “direction sensitive cells” or the ‘B Cells.’ The other
cells, which are not sensitive to the direction of motion (but are
sensitive to the intensity of the target), are called the ‘A cells.’
The ‘A Cells’ can be ON or OFF type, where as, the ‘B Cells’
are ON-OFF type. The ‘A cells’ have a larger cell body (soma
size) as well as a larger dendritic arborization, resulting in a
larger receptor field, compared to the ‘B cells’ (see [6]). On
the other hand, the ‘A cells’ are smaller in number compared
to the ‘B cells’ on the turtle retina [9], [10].
Turtle retina effectively encodes the motion parameters of
moving targets in its visual space (see [11]). The retinal
ganglion cells encode input signals using a sequence of spikes.
We reproduce the spike generation process, using a set of
filters, which model layers of rods and cones in the retina. The
filters for the ‘B cells’ have been shown in Fig. 1. The ‘A cells’
have a similar block diagram for which the directional filters
are absent. The output of the filters are incident on a single
compartment spike generating neuronal cell, with primarily
Sodium and Potassium channels, modeled using HodgkinHuxley equations (see [12]). For a physiologically detailed
model of a single cell, that includes many additional channels,
we would refer to the Ph.D. thesis of Ekanayake [13]. Also
we remark that retina has been modeled in other animals as
well, for example salamander [14] and cat [15].
We consider a patch of the retina (shown in Fig. 2a)
and circular targets that are moving with unknown constant
speed and motion direction. Our objective is described in
the following two problems. In the first problem we consider
targets that are moving along an unknown direction with fixed
speed that are assumed to be known a priori. Our goal is
to detect the motion direction of the unknown target. In the
second problem we assume that both the direction and the
speed of the targets are unknown. Our objective is to first
estimate the speed and use this information to detect the
motion direction.
Two methods to detect the unknown motion direction of the
target is now described. In the first method, we use Principal
Component Analysis (see [1], [16]). The spike sequence
generated by the model patch is low pass filtered, separately
for each cell in the patch, producing a vector of continuous
signals, which approximates the spike rate of the cells in
the patch. The vector of spike rate functions, over a suitable
time window, are projected as points on a cartesian coordinate
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system using Principal Component Analysis (pca). We model
these points as realizations of a Gaussian process, conditioned
on the direction of motion and detect the ‘target motion direction’ using the well known Maximum Likelihood Estimation
Method ([17]). In the second method, we hypothesize that
the pattern of spiking activity in a cell, can be described
by a class of Point Process, called ‘Self Exciting Poisson
Process’ (see [18]). We use the fact that a collection of such
processes can be pooled together, and under an appropriate
hypothesis (see [18]), the pooled processes can be modeled
as an inhomogeneous Poisson Process. We pool together the
spiking activities of a subpatch of cells in a patch and represent
the pooled activities as an inhomogeneous vector Poisson
process. We estimate intensity functions for each component
of this process, conditioned on the input direction of the target.
The direction of motion of an unknown input can be detected
using estimates of the intensity function vector.
The second method can also be used to estimate the speed
and detect the motion direction of a target. This is done by
first constructing a vector of subpatches (see Fig. 4b) within
a chosen patch. Estimates of intensity functions of the spike
activities (pooled over subpatches) are subsequently computed.
Next, we calculate the width of the intensity function (see
Fig. 5a for half height pulse width) and use this parameter to
estimate the target speed. In order to estimate target motion
direction, we rescale the intensity function to a standard unit
length, i.e. to the [0, 1] interval, where time is measured
in seconds. The amplitudes of the intensity functions are
also normalized to a unit height. For a suitably chosen set
of subpatches, the rescaled intensity functions are intensity
functions of an inhomogeneous Poisson Process. The motion
directions are detected using maximum likelihood estimates
(see (11) for the log likelihood function). We remark that in
order to model the intensity function from an inhomogeneous
Poisson Process, the required subpatches are not what has been
shown in Fig. 4b, but are smaller in size.
The motion directions can also be detected from the rescaled
intensity functions by representing these functions as points
on a principle component space and modeled as a Gaussian
Process. The details are similar to the first method except
that the detection algorithm is repeated over each and every
subpatches described in Fig. 4b. The final decision of the
detection algorithm is made by a majority vote [19], [20],
one vote for every subpatch.
II. M ODEL OF R ETINAL C ELLS
Turtles, being vertebrates, have a multi layered retinal
structure. From the point of view of visual signal processing,
it has layers of photoreceptive cells, consisting of cones and
rods. These cells are synaptic to a layer of ganglion cells which
give rise to the optic nerve fibers (see [11]).
We model the layer of photoreceptive cells as a cascade
of filters which represent key functions, including the spatial
and temporal variation of sensitivity of the receptor field (see
[21]) and direction sensitivity only for the ‘B cells’ (see [8]).
Fig. 1 shows the block diagram of the filter cascades of the
‘B cells’ (‘A cells’ have a similar block diagram but are not
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Fig. 1:

Block diagram of the filters present in ‘B Cells’. The first set of 3 filters are
saturating filters. The next set of filters are spatial, temporal and directional filters of
a ‘B cell’ model. They are separated into an excitatory and an inhibitory part. The ‘A
cells’ (not shown in the figure) do not have the directional filters.

directionally sensitive). The ganglion cells are modeled as
firing neurons using the Hodgkin-Huxley (HH) model using
parameters from [22], [23]. Noise is modeled as an input to
the HH model. In the following subsections the function of
the major components of the filter model are described. This
model was originally reported by Baker [24] and we would
like to refer to [13] for details.
1) Basic Conductance Signal: The basic conductance signal is computed at each spatial location. It is generated in
two steps. First, the visual (light) signal is passed through a
nonlinear saturation filter, called the Naka-Rushton Filter [25].
VR = VRM

In
,
I n + an

(1)

where, In is the input light intensity at each spatial location,
VRM , a and n are constants for a cell.
Subsequently, the resulting VR signal is passed through
another filter G to obtain the basic conductance signal [25].
The filter G is described as
G(VR ) = gmax +

0
Erest − VR − Erest
Rin (Erest − VR − EN a+ )

(2)

where, VR is the voltage signal created at the previous block,
0
Erest , Erest
, EN a+ , are respectively the resting membrane
potential, resting membrane potential with all Na channels
closed, and the sodium channel reversal potential, and gmax
is a constant. The conductance signal generated in this step
is subsequently modulated using various filters, viz. spatial,
temporal and directional filters.
2) Spatial Filters: The spatial filters characterize the inherent receptor field structure of the ganglion cells [26]. In
terms of implementation, this filter multiplies the conductance
signal at each spatial location. The ‘A cells’ could be one
of two kinds. The first kind, termed as A-ON cells, have
excitatory center and an inhibitory surrounding. The second
type of cell, called A-off cell, has an inhibitory center and
excitatory surrounding. The receptor field structure of ‘A cells’
are modeled as being the difference of Gaussian functions
GA (x, y) = ke e−r /2σe − ki e−r /2σi ,
(3)
√
where r = x2 + y 2 with (x, y) being the spatial coordinates.
The ‘B cells’ have a slightly more complicated structure.
2

2

2

2
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They have an excitatory center, an inhibitory rim and another
excitatory rim after that. This structure is modeled as a Gabor
function:
GB (x, y) = ke−r

2

/2σ 2

cos(2πf r).

(4)

3) Directional Filters: The ‘B cells’ are sensitive to the
direction of the motion θ of the visual stimuli [26] and are
modeled with the directional filter
d(θ) = a (1 + b cos(θ − φ)) ,

(5)

q

(a) Cells on the turtle retina

(b) Paths of the incident light spot

Fig. 2:

which multiplies the basic conductance signal at each spatial
location. This directional filter is only applied to the ‘B cells’.
The parameter values a and b are different for the excitatory
and the inhibitory parts. The angle parameter φ is the preferred
direction of the cell [8], and 3 principle preferred directions
are assumed to be 180◦ , 40◦ and −75◦ .
4) The Light Adaptive Filter: The input light is used to
compute the gain of the light adaptive gain filter. This is
basically a low pass filter calculated at each spatial location
and is given by
(
)
A(f )
H(f, I0 ) = Hn
.
(6)
1 + I0 B(f )
The computed gain multiplies the conductance signal. The
filter transfer function is dependent on the mean light intensity,
I0 , and it is expressed as a function of frequency of light variation, f , (not the frequency of the light as in the electromagnetic
spectrum). The filter has a large gain for low frequencies and
low light intensities. Effectively, it enhances slow varying dim
signals, which could otherwise go unrecognized [27].
5) Temporal Filter: The temporal filter models how past
inputs control the future outputs of the retinal ganglion cells
[28]. It is essentially a low pass filter. Since the temporal responses of the excitatory and inhibitory areas are not the same,
two different temporal time constants have been assumed. It
follows that the temporal response is modeled using transfer
function
s(t) = ae−t/τa − be−t/τb ,

(7)

where a, b, τa and τb are constants.
6) Neuron Model: The output of the filter cascade is fed
to the Hodgkin-Huxley model stage as a synaptic current Iin ,
using the equation Iin = Gex (V − Eex ) + Gin (V − Ein ),
where V is the post synaptic membrane potential of the cell,
Eex = 0 mV is the excitatory synaptic potential and Ein =
−70 mV is the inhibitory synaptic potential.
The retinal Ganglion Cell is modeled as a single compartmental model with ionic channels for sodium, potassium and
calcium. Further more, channels representing the dynamics of
the calcium concentration and after hyperpolarization potassium conductance are also employed. As such, the neural
model implements a detailed Hodgkin-Huxley equation, accounting for all the essential channels including the calcium
channel adaptation.

(Left) Distribution of all cells on the retina showing the visual streak. The
circle on the center of the streak indicates the location of the retinal patch analyzed in
this paper. (Right) The input to the retina is a circular spot of light (drawn to scale with
respect to the size of the patch of 3 mm diameter) moving from one end of the patch
to the other in a straight line, passing through the center.

7) Noise Model: Under the natural set up, the spiking
pattern is not completely deterministic. There are various
uncertainties which cause the membrane potential to jitter
and even produce “arbitrary” spikes or “miss” producing
spikes (for example, see [29]). Therefore, a realistic model
should have some stochastic component. In neurons, most of
these “random” behavior occurs due to random fluctuations
in the channel conductances. Therefore, we introduce the
stochasticity via a Gaussian random current with zero mean
and variance calibrated in such a way that we would, on
average get two or three random spikes every ten milliseconds
when no input is present.
8) Model Implementation: We have used MATLAB ([30])
to implement the filter cascade and GENESIS neural simulator
([31]) to implement the Hodgkin-Huxley model. The Gaussian
random noise is added as an input current to the HH model.
The response of the model neuron has been calibrated by comparing the results to the recordings reported in the literature
(e.g. [6]).
III. C ONSTRUCTION OF A R ETINAL PATCH
The ganglion cells on a turtle retina are distributed in such
a way that the it is possible to observe a high density of cells
along a line, called the visual streak. The spatial distribution
of turtle ganglion cells on the retina has been studied in [9].
It reports the cell density over a multitude of vertical and
horizontal transects as to cover the entire retina. We interpolate
the data provided, using a two dimensional cubic spline to
compute the cell density (both A and B types combined) over
the whole retina.
A subsequent paper, [10] reports the distribution of size of
ganglion cells on some selected sites over the retina of turtles.
By inspecting the data reported in [10], we can identify that
histogram of the size of the cell body is bimodal. We fit this
data on the size distribution of cells at the reported sites, with
the sum of two Gaussian distributions. As reported in [6],
the ‘A cells’ are larger in soma size compared to ‘B cells.’
Therefore, we claim that the ‘A cells’ are distributed with the
higher mean cell size and the ‘B cells’ are distributed with the
smaller cell size. The percentage of ‘A cells’ calculated at each
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site was then interpolated over the entire retina again using a
two dimensional cubic spline. Multiplying the percentage of
‘A cells’ with the cell density data calculated as above, we
obtain the distribution of ‘A cells’ over the entire retina. This
procedure is now repeated for the ‘B cells.’ Fig. 2a shows the
distribution of the entire population of retinal ganglion cells.
Since the turtle retina has 350–390 thousand cells, we use
about 1% of that for constructing large-scale models of the
full retina. Majority of the cells are B cells. The ‘B cells’
are divided in to 3 equal groups, corresponding to 3 distinct
direction preferences. The ‘A cells’ are divided in to two equal
groups based on their receptor field structure, known as the
A-ON and the A-OFF. The three groups of the ‘B cells’ and
the two groups of ‘A cells’ are randomly sprinkled over the
retina to match the computed density functions.
A circular retinal patch has been used to obtain results
reported in this paper. The patch is taken to be the cells which
are contained in a three millimeter circular disc centered at the
location with maximum cell density on the visual streak. It has
a total of 520 cells, of which 54 are A-ON cells, 55 are AOFF cells. The ‘B cell’ counts are 134, 136 and 141 for the
three angle preferences of 180◦ , 40◦ and −75◦ respectively.
These are the mean of the groups of directional sensitive cells
reported in [8].
IV. D ESCRIPTION OF TWO DIFFERENT SIMULATIONS
USING THE RETINAL PATCH

In this section we detail two different, yet related, simulations on the model retinal patch. In the first simulation, we
collect data to detect unknown motion direction of a point
target assuming that the speed of the target is known. In the
second simulation, we collect data to estimate the speed and
use this information to detect motion direction of a point target,
assuming that both of these parameters are unknown. In both
simulations, the input is a spot of light on a dark background.
The patch is circular of diameter 3 mm and the size of the
spot is one tenth the size of the patch.
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and 358◦ at steps of 2◦ . It follows that we have 180 different
directions of motion, each motion direction is simulated 60
times. Objective of this simulation is to study how different
cell types discriminate directions of motion.
B. Simulation II: Estimation of Speed and Motion Direction
In this simulation, we use twelve different angles from
0◦ to 330◦ at steps of 30◦ . We have the target move along
each direction at 9 different speeds. As the speed varies, the
target takes between 0.4 seconds to 2 seconds to diametrically
cross the patch. In all, we have 108 different speed/angle
combinations (i.e. 108 different velocities). Each combination
is simulated 60 times. In addition to these evenly spaced
simulation points, we also generate intermediate test points
with five intermediate speeds and sixty intermediate angles.
These intermediate points are each simulated 10 times.
V. A LGORITHMS
The two main tools for analysis we use are the theory of self
exciting point processes [18], [32] and the principal component
analysis (pca) [16]. In the first simulation described in IV-A,
the activities of the cells in the patch are low pass filtered
individually. The smoothed activity functions are represented
using pca by considering the entire patch as the spatial
window and over a suitable time window (see Fig. 4a). The
spatiotemporal activity of the retinal patch is thus represented
as a strand conditioned on the target direction. Maximum
likelihood detection is performed assuming that the strand is a
Gaussian random process, the details are similar to what was
done by Du et. al. [3]. Alternatively, the spike activities of the
cells are pooled over a subpatch, and the intensity function of
the pooled process, a Poisson Process, is computed. This step
is repeated over a vector of subpatches. The obtained vector
of intensity functions is now used to detect the target motion
direction.
In the second simulation described in IV-B, the speed of the
target is estimated from the intensity function of the pooled
spike activities. The pooling process is similar to what was

A. Simulation I: Detection of Motion Direction
We consider a circular retinal patch (shown in Fig. 2a) and
assume that a point target moves with a constant velocity
through the center of the patch. The target takes 0.8 seconds
to cross the patch. The simulation pool consists of motion
directions between 0◦ (i.e. the target moves from left to right)
Component Process 1
TShift

Component Process 2
TStart

Component Process k

TWin

(a) Sliding time windows

Fig. 4:

Pooled Point Process

Fig. 3:
cells.

An example of pooling spike events, demonstrated using k randomly chosen

(b) A set of subpatches

(Left) Sliding time windows used in this paper. The window size is TWin
milliseconds and the window shifts TShift milliseconds at a time starting from TStart .
(Right) A set of subpatches used for pooling to estimate the speed of the unknown target
in Simulation II. Different shades of circles indicate different subpatches. The same
subpatches have also been used to detect target motion direction using pca and voting
methods.
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described for the first simulation except that in this case the
subpatches considered are comparatively bigger in diameter
(see Fig. 4b). The estimation is carried out from the ‘half
height pulse widths’ of the associated intensity functions.
Using the estimated speeds, the target directions are inferred
using two different methods. In the first method, the spike
pattern of each cell is rescaled to be distributed over an unit
length in seconds. The rescaled spike activities are pooled over
a vector of smaller subpatches, as in the first simulation, and
the corresponding intensity functions are modeled as a Poisson Process. The target motion directions are detected using
Maximum Likelihood Estimation. In the second method, the
intensity functions are first computed over a vector of bigger
subpatches (of Fig. 4b) and are subsequently rescaled using
the estimated target speeds to be distributed over an unit length
in seconds. The target motion directions are detected from the
re-scaled intensity functions using pca, over each and every
subpatch. The pca is carried out over a moving time window
and we assume that the principal component (pc) points form
a Gaussian Process. Over every subpatch, target detection
is carried out by running a maximum likelihood detection
algorithm for Gaussian Processes (see Van Trees [17]). The
final target direction is inferred using a majority vote over the
subpatches (see [19], [20]).
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(a) Pulse showing half height pulse(b) Mean and standard devition of the
width
HHPW

Fig. 5:

(Left) Half height pulse width has been illustrated. (Right) Variation of half
height pulse width (HHPW) plotted with respect to time the target takes to cross the
patch in seconds. For a specific speed, the HHPW varies for different angles of target
movement and noise. The variation of mean µ(v) and standard deviation σ(v) are
displayed on the graph.

sample data points can be assumed to be distributed ‘as a
normal distribution.’
The principal component points are viewed as a Gaussian
Process over time, conditioned on the motion directions of the
target. Using a standard detection process, (see Van Trees [17],
Du [3]) the target directions are detected.
B. Analysis using Point Process Models

A. Principal Component Analysis
Since the model patch consists of spatially distributed cells,
each producing a temporal response of spike patterns, the
resulting observation data (i.e. the spike sequences) has a large
dimension. Principal component analysis (pca), also known
as the discrete Karhunen Loeve transform (KLT) (see [16])
can be effectively used to represent a high dimensional data
as points in a lower dimensional space. We apply the pca
technique twice, once along the spatial and the next along the
temporal dimensions using a sliding detection time window
(see Fig. 4a). A two step pca analysis has already been carried
out in ([1], [3]) for the purpose of detecting locations and
velocities of point targets using a model of the turtle cortex. In
this paper, we analyze the retinal patch response using moving
20 ms time windows. The retinal responses are projected onto
a 6 dimensional principal component space at the end of the
two step pca.
It may be inferred from the principal component analysis,
that at a specific time, the ‘Principal Component Points’ are
spread around a mean location dependent on the direction
angle of the target. By inspection, Gaussian distribution seems
to be a reasonable hypothesis for this data. This hypothesis can
be verified statistically by a normality test. In our analysis, the
resulting data points are tested for normality using Lilliefors
Test (see [33]). We consider null hypothesis that the sample in
each dimension of PC points comes from a normal distribution,
against the alternative that it does not come from a normal
distribution. The test fails to reject the null hypothesis at 5%
significance level. This test is an adaptation of the well known
Kolmogorov-Smirnov (KS) test ([34]) and does not require the
specification of the parameters of a target normal distribution.
Failing to reject the null hypothesis, would imply that the

Many studies [35], have explored the possibility of applying
the theory of counting processes towards analyzing neural signals. The general hypothesis of ‘evolution without aftereffects,’
of homogeneous or inhomogeneous Poisson processes, does
not apply for neural data because there is a brief refractory
period after a spike discharge. With this assumption relaxed,
we can hypothesize that the spike sequences recorded from a
cell are realizations of self-exciting point processes. A limit
theorem for mutually independent pooled point processes,
possibly self-exciting point processes, states that the pooled
process converge in distribution to an inhomogeneous Poisson
process (see [18] for details). Fig. 3 illustrates the process
of pooling. To statistically verify that a certain candidate
sequence of spikes, is a Poisson Process, one can apply the
Spike Rescaling Theorem ([18], [36]).
It may be noted that an inhomogeneous Poisson process
is governed by an intensity function λ(t). The probability
of having n spikes between the starting time 0 and arbitrary
positive time t is given by
n

Pr[N0,t = n] =
∫

(Λ(t))
exp (−Λ(t)) ,
n!

(8)

t

where Λ(t) =

λ(τ ) dτ .
τ =0

The first challenge of analyzing the response of a retinal
patch, under this framework, is to estimate the intensity
function λ(t), which customarily is estimated using binning
methods (see [36], [35], [37]). However, we propose to estimate Λ(t) directly where
K
1 ∑ (k)
N0,t
K→∞ K

Λ(t) = lim

k=1

(9)
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Fig. 6: Root Mean Square Error of detection using principal component analysis (PCA)
and poisson process model (PPM) for Simulation I. The detection error is calculated using
a 20 ms time window starting at 400 ms. At the speed used, the target takes 800 ms
to traverse the retinal patch.

(k)

and where N0,t is the total number of spikes occurred during
the time interval (0, t]. We call Λ(t), the cumulative spike
count between 0 and t. In practice, we would calculate the
(k)
mean of N0,t over the test simulations and smooth Λ(t) using
a smoothing spline [38], [39] or a low pass filter.
VI. A NALYSIS
Two problems that we consider in this paper have already
been described in section IV. In ‘problem one,’ our goal is to
detect the motion direction of a target assuming that its speed
is constant. The data has been collected using Simulation I,
wherein the motion direction is varied in steps of 2◦ from 0◦ to
358◦ (see Fig. 2b). The response of the patch is recorded and
analyzed using the principal component analysis (pca) method
as well as using the point process models (ppm), obtained by
pooling a small number of adjacent cells. In ‘problem two,’
our goal is to detect the motion direction of a target in spite of
the fact that its speed is unknown but assumed to be a constant.
The data has been collected using Simulation II, wherein the
motion direction is varied in steps of 30◦ from 0◦ to 330◦ (see
Fig. 2b), and the speed of the target is assumed to vary. As a
first step, speed of the target is estimated using the width of
the half height pulse obtained by pooling cells in a subpatch
shown in Fig. 4b. The pulse is the intensity function of the
process obtained by pooling the cells in a subpatch, shown in
Fig. 4b. In order to detect the motion direction, the estimated
target speed is used to rescale activities of the cells, as already
summarized in section V.
A. Detection of Motion Direction
In this subsection, our goal is to analyze the data obtained in
Simulation I, wherein the assumption is that the target moves

(c) PPM - All cell types

700
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(d) PPM - B cells

Fig. 7: Variation of root mean square error of detection using principal component
analysis (PCA) and poisson process model (PPM), with time has been plotted for
Simulation I. The detection error is calculated using a 20 ms time window starting
at the indicated time points.

with a constant and known velocity.
1) Principle Component Analysis: In the principal component approach, a patch response is calculated by combining
the spiking activities of each and every cells in the patch. For
each cell, the spike activity pattern is low pass filtered and
one obtains a continuous signal that measures the instantaneous spike counting rate. The filtered activity patterns are
aggregated over the entire patch using a two step pca, once
over space covering the patch and next over a time window
of width 20 ms. The starting time point of the time window
is shifted at 50 ms (see Fig. 4a).
A two step pca over a specific window gives a vector in
Rn , where n is taken to be 6 in this paper. The principal
component vector calculated using a particular time window
can be uniquely identified and indexed by the starting time of
the window. It would follow that, we can view the principal
component vector as an n dimensional stochastic process
P (t), where t is the starting time of the window.
At a particular time t∗ , the principal component vector
P (t∗ ) can be modeled as realizations of a multivariate (n = 6)
Gaussian distribution with mean µ and covariance matrix Σ.
Using multiple simulations it is possible to estimate the mean
vector µθ and covariance matrix Σθ for each angle θ. We
use 50 simulations for each angle to obtain these parameters.
Once the parameters are obtained, we use a different set of 10
simulations for each angle to test the algorithm. The likelihood
function of the motion direction is given
(
)
exp −(r − µθ )> Σθ (r − µθ )/2
√
,
(10)
L(θ|r) =
2k π k |Σθ |
where r is one sample of P (t∗ ). The objective is to find θ
that would maximize L(θ|r). We claim that the corresponding
θ is the maximum likelihood estimate given r (see [17], [40]).
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We apply this technique of maximum likelihood estimates for
different time points and for different cell types and the results
are summarized in VII
2) Method using Point Process Models: The first step in
using point process models is to pool together the activities
of cells within a subpatch. The process of pooling together
the spike activities over a subpatch has been illustrated in
Fig. 3. The patch size needs to be carefully chosen in order
to control the number of cells that are to be pooled together.
The spiking activity of a single retinal ganglion cell has an
internal memory and a refractory period, and as a result the
spike times do not satisfy the hypothesis of an inhomogeneous
poisson process. On the other extreme, if a large number of
cells are pooled together, the pooled spike pattern does not
satisfy the hypothesis that only one spike has to occur in a
sufficiently small, but finite, interval of time. These failures
are evident by testing the pooled process to verify if they
are indeed poisson. It was found that a good balance is to
choose about ten cells for each subpatch. We remark that
the subpatches that yield a Poisson process, after pooling,
are not the subpatches illustrated in Fig. 4b. Their sizes are
smaller than the ones shown in Fig. 4b. Once the retinal
patch is subdivided into subpatches, each containing about 10
cells, the pooled processes are obtained for each subpatch. For
each subpatch, we construct an intensity function λθ which
depends on the motion direction θ. When we consider all the
subpatches together, we obtain a vector of intensity functions
for a vector of inhomogeneous Poisson processes. We use fifty
simulations of each angle to generate the intensity function λθ
or the cumulative spike count function Λθ .
From an observation of spike times over a time interval,
one can estimate the motion direction θ̂, using a maximum
likelihood estimate for inhomogeneous Poisson processes (see
[18]). This is done as follows: Let subintervals [0, t1 ), [t1 , t2 ),
. . . , [tk−1 , tk ), where tk = T , be the partition of an observation interval [0, T ). Let n = (n1 , n2 , . . . , nk ) be the
number of spike occurrence in each of these sub intervals. For
a specific observation vector n, the log-likelihood function can
be written from [18] as:
∫

T

`(θ|n) = −

λθ (τ ) dτ +
0

k
∑
j=1

(∫

)

tj

nj ln

λθ (τ ) dτ

.

(11)

tj−1

Given the observation n, the maximum likelihood estimate
of θ is to find θ such that `(θ|n) is maximized.
B. Estimation of Speed and Motion Direction
In this subsection, we use data from Simulation II to first
estimate the speed of the target.
1) Estimation of the Target Speed: The target speed
is estimated by computing the intensity functions over
subpatches illustrated in Fig. 4b. Half height pulse widths of
these intensity functions are computed next. Finally, the pulse
width data is used to estimate the required speed.
Estimating intensity function of a pooled process

For this analysis, we assume that the intensity function
of the underlying pooled process is λ(t), which depends on

the speed and the direction of motion. Thus we may write
λ(t) = λ(t|v, θ), where v is the speed, θ is the angle of motion.
We assume that the intensity function can be decomposed as
follows:
λ(t|v, θ) = λ0 + λ̃(t|v, θ),
(12)
where the first term λ0 is a constant term, which models
the spike activities due to background noise in the retina.
The second term λ̃(t|v, θ) is driven by the input stimulus
parameterized by speed v and direction θ.
The first challenge of analyzing the retinal signals under
this framework is to estimate the intensity function λ(t|v, θ).
It is customary to estimate it using binning methods (see
[36], [35], [37]). However, we propose to estimate Λ(t|v, θ)
for a combination of v and θ. First of all, for each simulation,
we obtain the cumulative spike count upto the time point
t. The ‘cumulative spike count function’ is averaged over
all repetitions of simulation for the selected v and θ. The
‘mean cumulative spike count function’ is smoothed using a
smoothing spline or a low pass filter. The resulting smooth
function is the required function Λ(t|v, θ). When applying
the smoothing algorithm, one has to ensure that Λ(t|v, θ)
function is an increasing function, since we require λ(t|v, θ)
to be non-negative. Furthermore, we estimate the λ0 term by
considering the response of the patch with no input incident
on the retina. Once we obtain the estimates of λ(t|v, θ) for a
particular v and θ, using the estimate of λ0 , we can calculate
λ̃(t|v, θ) using (12).
Computing the mean and variance of the half height pulse width

The speed estimates can be obtained by observing the half
height pulse width (HHPW) of the λ̃(t|v, θ) function. We
define half height pulse width to be the width of the λ̃(t|v, θ)
function at half its maximum value (see Fig. 5a). The half
height pulse width is a good measure of pulse width of a
pulse-like signal we have for λ̃(t|v, θ). It is clear that for faster
speed (when the light spot crosses the patch in a shorter time)
λ̃(t|v, θ) is narrower than for slower speed (when the light
spot takes a longer time to cross the patch)
From Fig. 5b we can see that it is possible to perform a
linear regression between the mean µ(v) and the time the input
takes to cross the patch. Similarly, we can perform another
linear regression with standard deviation σ(v) and the time the
input takes to cross the patch. Note that most of the data points
fall within the two lines µ(v) ± σ(v) in Fig. 5b. Furthermore,
assuming Gaussian distribution for the variation of half height
pulse width for a particular speed, we can write the likelihood
function as a function of speed. Therefore, given a response
from the model patch, we can estimate the speed of the target.
Under the Gaussian hypothesis, the likelihood function (see
[17]) is:
(
)
exp −(r − µ(v))2 /2σ 2 (v)
√
.
(13)
L(v|r) =
2πσ 2 (v)
Thus, given an observation (i.e. the half height pulse width) r,
the task is to find the speed v that will maximize the likelihood
function L(v|r).
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2) Detection of the Target Motion Direction: The motion
direction is detected either using the poisson process models
or using principal component analysis.
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Once we have estimated the target speed v, we modify
the activity pattern of each cell in the patch by rescaling the
time axis to a (0, 1) interval in seconds. Using the vector
point process models presented in subsection VI-A2 on the
rescaled activities of each cell, target directions are detected.
To avoid repetitions, we omit the details.

40
180
−70

200

120

RMS Error / deg.

RMS Error / deg.

Rescaling and Detection of Motion Direction using PPMs

180

50

20
0
0

50

100

150
200
Test Angle

250

(a) PPM - All cell types

300

0
0

50

100

150
200
Test Angle

250

300

(b) PPM - B cells

Fig. 9:

For Simulation II, variation of the root mean square error of detection with
input angle over different types of cells, using a 100 ms time window starting at 450
ms, in rescaled time. Original high speed takes 400 ms (thick solid line), medium speed
takes 1200 ms (thick dashed line), low speed takes 2000 ms (thin line) to cross the
patch.

Rescaling and Detection of Motion Direction using Voting Methods

Here we restrict our analysis to each and every subpatches
described in Fig. 4b. First of all, we compute the intensity
function λ̃(t|v, θ) for the subpatch by considering all the cells
in the subpatch. The intensity function is computed by repeating what has already been discussed in subsection VI-B1.
Next, the intensity functions are rescaled so that the time axis
is normalized to (0, 1) in seconds and the amplitude is scaled
so that the associated cumulative spike count Λ(t), defined in
(9) is 0 at the starting point and 1 at the ending point.
Once the intensity functions are rescaled, we can project
them on to a lower dimensional (usually 3 dimensions for display purposes) space. The principal component points can be
assumed and verified to be realizations of a multivariate normal distribution, using the Lilliefors [33] test or KolmogorovSmirnov (KS) test [34]. Using mean µθ = µ(θ) and Σθ =
Σ(θ) obtained experimentally, we can write the likelihood
function (see [17]), given the k-dimensional observation r
from the principal component space to be
(
)
exp −(r − µθ )> Σθ (r − µθ )/2
√
L(θ|r) =
.
(14)
2k π k |Σθ |
We find θ such that µθ and Σθ maximize L(θ|r), and that
θ is the maximum likelihood estimate corresponding to the
observation r (see [17]).
The maximum likelihood estimate of the target direction
θ is computed for each and every subpatches in Fig. 4b.
The final estimated target direction is inferred by taking
the majority over all the subpatches using the so called
voting method (see [20], [19], [41]). The method of voting
has been successfully used in many classification problems.
The fundamental strategy in this method is to perform
classification based on any specific method using a set of
classifiers and then make the final classification based on what
the majority of the classifiers suggest. The only requirement
is that all classifiers should have a detection error less than 0.5.

VII. R ESULTS
The main result of this paper is to illustrate the extent to
which retinal cells are able to detect direction of target motion.
The B cells out perform the A cells in terms of its ability to
discriminate motion direction. The superior performance of

the B cells over A cells is particularly visible when the target
speed is uncertain and is estimated from the retinal response
data. We now discuss the results in detail.

A. Detection of Motion Direction from Simulation I
Recall that in simulation I, the target speed is fixed and
known. We restrict cells on the retina to a patch, and apply a
double principal component analysis described in subsection
VI-A1. The results are shown in Figs. 6a, 6b. From Fig. 6b it
can be observed that the direction sensitive ‘B cells’ detect
motion directions with less error close to their preferred
directions. If we consider the B cells all together, then the
detection error is constant throughout all the motion angles
(not displayed in the figure). ‘A cells,’ on the other hand does
not show any variability of detection error with the motion
direction.
In Figs. 6c, 6d we plot the root mean square error using the
pooled inhomogeneous Poisson process method, described in
subsection VI-A2. The displayed results are obtained using
a 20 ms window and the window starts at 400 ms, the mid
point of the motion of the target in visual space. The Fig. 6c
clearly shows the effect of direction sensitive ‘B cells.’ They
out perform the ‘A cells’ in terms of having a lower root
mean square error of detection. Also note that, when all three
direction preferences of the ‘B cells’ are taken together, the
overall root mean square error is much lower than any single
type and it remains constant over all motion directions.
Fig. 7 show the variation of the root mean square error over
time. It can be seen that both PCA and PPM have a better error
performance when the target is completely within the retinal
patch. Compared to the directional sensitive B cells, the nondirectional sensitive A cells have a higher error at 400 ms
mark, at which time the stimulus is at the center of the patch.

B. Estimation of Speed and Motion Direction from Simulation
II
We present the results of this section in two parts. The first
on estimating the speed and the second on detecting the motion
direction using rescaled responses.
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Fig. 8:

For Simulation II variation of the root mean square error of detection over rescaled time using all Cells (blue), A Cells (red) and B Cells (green). Original high speed
(right) takes 400 ms, medium speed (center) takes 1200 ms, low speed (left) takes 2000 ms to cross the patch.

1) Estimating Speed: As shown in Fig. 5b, it is possible
to establish a linear relation between the time, the spot takes
to cross the patch and the half height pulse width. Therefore,
we can use the likelihood function (13) to estimate the speed
of the moving target. Let TEST be the estimate and TACT be
the actual time to cross the patch with diameter d. Then the
speed estimate is d/TEST and the actual speed is d/TACT .
The relative error in speed estimate is described as follows:
|TEST − TACT |
.
(15)
TEST
We have observed (see [13]) that the root mean square of the
relative error as a function of the target speed, is more or
less constant. Higher speeds, have a slightly less rms error.
Overall, the rms error is about 0.1, i.e. 10% indicating that, it
is possible to estimate the speed with a reasonable accuracy.
2) Estimating the Direction of Motion: First step in estimating the direction of motion is to use the estimated
speed to rescale the observed activity patterns of the retinal
cells. Since the retinal cells are subjected to target inputs at
different speeds, the rescaling process normalizes the activity
patterns for subsequent detection of motion direction. The
target motion directions are now detected using the procedure
outlined in subsection VI-B2.
Using the procedure outlined in subsection VI-B2, we
illustrate in Figs. 8, 9 the results of detecting direction of
motion. The rms error of detection has been plotted in the
y-axis. In Fig. 8, we have in the x-axis, the rescaled time
indicating detectability of the patch as a function of time.
The plots have been repeated at different speeds and for ALL
cells, all ‘A cells’ and all ‘B cells.’ The plots in this Fig. 8
clearly indicates that for ‘B cells,’ the detectability increases
considerably when the target is around the center of the patch.
‘A cells,’ on the other hand are unable to detect the target
motion direction. We note that this observation is in sharp
contrast to what was observed in Fig. 7c wherein the ‘A cells’
did participate in the detection process although not as strongly
as the ‘B cells.’
The same detection process is repeated in Fig. 9, where
in the x-axis we have all the different angles considered in
simulation II. The plots are repeated for different speeds and
cell types. The plots in Fig. 9 illustrate that the ‘B cells’ have
an improved ability to detect target direction. Detectability of
the ‘B cells’ changes as a function of the target angle, an
expected result. Finally, the discriminability of the ‘B cells’ in
Relative Error =

any direction is always better than rms value of approximately
35.
Our final result is on the problem of detecting the target
motion direction from the rescaled intensity data using the
voting method outlined in subsection VI-B2. We begin by
calculating the error probabilities using maximum likelihood
detection described in (14) over the different sub-patches.
It turns out that the classification error in each sub-patches
are less than 0.5. The target motion directions are finally
assessed using ‘voting method.’ When this method is applied,
the probability of error is negligible. Hence no result graphs
are shown in this paper. Over the pool of test angles used, the
voting method was able to classify the correct angle estimate
539 times out of the 540 trials considered.
VIII. C ONCLUSION
Using root mean square of the detection error as a criterion
for measuring detectability, we show in this paper that – for
the purpose of discriminating motion directions of targets, the
motion sensitive ‘B cells’ are superior compared to the intensity sensitive ‘A cells.’ The difference in their performance
is pronounced particularly when the speed of the target is
uncertain and needs to be estimated from the data. We also
show that ‘B cells’ in a retinal patch, located at the center of
the turtle’s visual streak, with preferred directions set at 40◦ ,
180◦ and −70◦ are able to detect, as a population, all angles
for target motion direction with the same level of root mean
square error.
In this paper, we introduce a new class of algorithms to
analyze neuron population, viz. pooling subpatches of neurons
and viewing the intensity function of the ensemble as intensity
of an inhomogeneous poisson process. Maximum likelihood
estimation technique associated with a poisson process discriminates the motion directions of the target.
Although distribution of the A and B cells have been
globally computed throughout the entire retina, the analysis
presented in this paper is restricted to a patch on the retina.
Motion analysis of visual targets throughout the entire retina
would be a topic of our future research.
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