Homework Nine

1. Let
T .1’ — R

be 2 linear transformation defined as follows
Ty + T3
i) —
r Xy — I
,3 2xy 4 x9 — 23

(a) Write down the range and null space of T as span of a set of linear independent vectors.
{b) Obtain the cartesian equation of the range and null space.
(c) Chooseapomtp = (3 5 2 1)7 inthe range of T. Describe the pre image of T, i.e. find

S={z e R*: T(x) = p}.
{d) Isthe space § {in part {c)) a vector space? If not, what is it?
{e) Let P be a plane in IR? described by the equation
Ty =~ g == .

L Calculate the image of P under the transformation T, call it T(P).
ii. 1s T(P) a vector space, justify with a reason. If not, what is it?

2 59
A=}13 2 6 i},
1 -3 8

and let b be a 3 x 1 vector with the property that b, Ab, A%b are linearly independent, so that
B = {b, Ab, A%}

2. Let

form a basis of IR%. Define a linear transformation
T . - 13

where
AV A" =1,2,3,4, ...

(a} If a vector v has coordinates (1, 2, 5) with respect to basis B, i.e.
v=b+24b+54%

find coordinates of T'(v) with respect to the same basis B,
(b} If a vector v has coordinates {«v, A, v) with respect to basis B, i.e.

v = ab+ F4b + vA%
find coordinates of T(v) with respect to the same basis B,
3. Let P3(t) be the set of all polynomials in ¢ of degree < 3. Define a linear transformation
T: B5(t) — By(t)

where d
plt) — Zplt).



{a} Calculate the range and null space of T.
{b) Let
B= {11+ttt }
be a basis of F5(t). If a polynomial p(t) has coordinates (a1, 51, v1, 61) with respect to
the basis B. Calculate the coordinates (g, 52, 7o, §2) of T{(p(t)} with respect to B.
{c) Write down a matrix A{ such that

oy g
M ’32 — ﬁfl
T Y2
8y &y

for all possible choices of coordinates wy, 3, v; and &;.

4. Let P3(t) be the set of all polynomials in 7 of degree < 3 and let Po(t) be the set of all
polynomials in ¢ of degree < 2. Define a linear transformation

T : Bylt) — Py(t)

where
pit)— [ oft) .
(a} Calculate the range and null space of T
{b) Let
By ={1,1+t,t - %13}
be a basis of FP3(t) and let

By = {1,141ttt}

be a basis of P5(t). If a polynomial p(t) has coordinates {cv;, 5, ;) with respect to the
basis By. Calculate the coordinates (o, Fa, va, 82) of T (p(#)) with respect to B,

(c) Write down a matrix M such that

(24 a2
1

M(&): i

Y2

Y1 §2

for all possible choices of coordinates a;, 1 and .
5. Consider the ordinary differential equation

t=Ar+bu, y=c'z
01
=(50)
8
= (1)

¢
y(t) zl; el e Ty (rdr.

where #{0) = 0, ¢ = (1 0),

The solution y{t) can be written as



{a) Assume u(t) = o + 3t for o, # € R, calculate y{t) in terms of o and £ and show that
it is a polynomial of degree < 3, i.e.

y(t) = ag + a1t + ast? + agtd.

(by Define a Hnear transformation from IR2 to IR4 s follows

T: R — R
where
g
44 (45
( B ) e
k3

Calculate the range and the null space of T.

-2 1 0
(7 2)a= (1)
Recall that an ordinary differential equation
&= Az + b, 2(0) = 0

6. Letus define

has the following selution
t
2(t) = ] AT (rYdr.
0
At t = 1, it follows that .
(1) == / e py(rVdr,
i
where (1) € IR?, and u(r) is a function defined in the interval [0 1].
(a) Calculate 2(1} foru(v) = 1,7 ¢ [0 1].
(b) Calculate (1) foru(r} =7, 7€ 0 1].
(¢} Letc; and ¢, be two arbitrary real constants, we define

u(r) = pTe ATT ( 1 ) )

&7,

(1) = & [ /a Z e“mb&Te_AT"riT] ( f; )

i. Calculate the 2 x 2 matrix

1 T
M = [-/ e ATpR e~ A "“d‘r]
4]

and write (1) as

and check itsrank. Is it 2 7
H. Calculate the 2 x 2 matrix

1 - T
M= [ / e ATy e 4 Tdr]
4]

taking the matrices 4 and b as

A=(% )= (1)

and check itsrank. Jsit2oral?




iti, Choose

w-(3)

and taking M as in part (i), calculate
( ° ) = M e 42(1)

cz
and hence calculate

&

u(7) = bTe 4" ( “ ) :

Remark: the constructed u{T) is the forcing function (also called the control) that
drives the state from £(0) = (0 0)T to x(1) = (7 9T

7. Letus define
-2 1
A—_—( 9 mg),cT=(l 0},

and consider an ordinary differential equation of the form
i = A,y = 'z, z(0) = xy.
Recall that y(t}) is given as follows

y(t) = el ey

= (2).

{b) We would now like to calculate zp given y(¢). This is done as follows:

{a) Calculate y{#) assumning

y(t) = cTethay

mmplies that
ey(t) = ecleag
which further implies that
AT hey(t) = e e (Tetty,

Integrating both sides with respect to ¢ in the interval {0 1] we obtain
1 1
/ e‘qrtcy(t)dt = { / ette T eAtdi] .
0 [
1. Calculate the 2 x 2 matrix N given by
t T
N == [/ ette cTeAtdt]
0

and check its rank, Is it 27
ii. Choose y(t} in part (a) and calculate

1
= [B eV toylfyds.

iii. Writing £ = Np, calculate 2 = N1£,

The matrices M and N in the problems 6 and T are called ‘Controllability’ and ‘Observabil-
ity” Gramians respectively.




